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STRONG q-CONVEXITY IN UNIFORM NEIGHBORHOODS OF
SUBVARIETIES IN COVERINGS OF COMPLEX SPACES
MICHAEL FRABONI AND TERRENCE NAPIER∗
Abstract. The main result is that, for any projective compact analytic subset Y of
dimension q > 0 in a reduced complex space X , there is a neighborhood Ω of Y such that,
for any covering space Υ: X̂ → X in which Ŷ ≡ Υ−1(Y ) has no noncompact connected
analytic subsets of pure dimension q with only compact irreducible components, there
exists a C∞ exhaustion function ϕ on X̂ which is strongly q-convex on Ω̂ = Υ−1(Ω)
outside a uniform neighborhood of the q-dimensional compact irreducible components
of Ŷ .
Introduction
According to the main result of [Fra], for any projective compact analytic subset Y of
dimension q > 0 in a complex manifold X , there exists a neighborhood Ω of Y in X such
that, for any covering space Υ: X̂ → X in which Ŷ ≡ Υ−1(Y ) has no compact irreducible
components, there exists a C∞ exhaustion function ϕ on X̂ which is strongly q-convex
on Ω̂ = Υ−1(Ω). The case n = 1 was obtained in [N] and [Co2], and a similar result
was first obtained in [Co-V] for Y a fiber of a suitable proper holomorphic mapping (see
also [Mi]). The main goal of this paper is a more general version in which X is only a
reduced complex space and Ŷ may have some compact irreducible components (but no
infinite chains of q-dimensional compact irreducible components).
Let Ω be an open subset of a reduced complex space X and let q be a positive integer.
A function ϕ on Ω is C∞ strongly q-convex if, for each point p ∈ Ω, there is a proper
holomorphic embedding Φ of a neighborhood U of p in Ω into an open set U ′ ⊂ CN and a
function ϕ′ ∈ C∞(U ′) such that ϕ′ ◦Φ = ϕ on U and such that the Levi-form L(ϕ′) has at
most q − 1 nonpositive eigenvalues at each point. We also say that ϕ is of class SP∞(q)
and we write ϕ ∈ SP∞(q)(Ω). For q = 1, we also say that the function is C∞ strictly
plurisubharmonic.
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There does not seem to be a single best analogous notion of weak q-convexity. One
natural analogue is the following. We will say that a function ϕ on Ω is of class W∞(q) if,
for each point p ∈ Ω, there is a proper holomorphic embedding Φ of a neighborhood U of
p in Ω into an open set U ′ ⊂ CN and a function ϕ′ ∈ C∞(U ′) such that ϕ′ ◦ Φ = ϕ on U
and such that the Levi-form L(ϕ′) has at most q − 1 negative eigenvalues at each point.
For q = 1, we also say that the function is C∞ plurisubharmonic.
Since every local embedding factors through the Zariski tangent space, it follows that,
if ϕ ∈ W∞(q)(Ω) (SP∞(q)(Ω)), then, for every point p ∈ Ω and every local holomorphic
model (U,Φ, U ′) with p ∈ U , there is a neighborhood V ′ of Φ(p) in U ′ and a function
ϕ′ ∈ W∞(q)(V ′) (respectively, SP∞(q)(V ′)) with ϕ = ϕ′ ◦ Φ on Φ−1(V ′).
The main result of this paper is the following (see also the stronger version Theorem 7.1).
Theorem 0.1. Let X be a connected reduced complex space and let Y be a compact analytic
subset of dimension q > 0 in X. Assume that Y admits a projective embedding. Then there
exists a neighborhood Ω of Y in X and a discrete subset F of R such that, for any connected
covering space Υ: X̂ → X in which Ŷ ≡ Υ−1(Y ) has no noncompact connected analytic
subsets of pure dimension q with only compact irreducible components, there exists a C∞
exhaustion function ϕ on X̂ which is of class W∞(q) on Ω̂ = Υ−1(Ω) and of class SP∞(q)
on Ω̂ \ ϕ−1(F ).
Remarks. 1. In place of Y being projective, we need only assume that Y admits a nowhere
dense analytic subset S containing Ysing such that Y \ S is Stein.
2. In the proof for X a 2-dimensional complex manifold (and dimY = 1) in [N], the
second author mistakenly only wrote the statement and proof for Galois coverings. In
the 2-dimensional case, the statement and proof are easily modified to give the version
for general coverings. In higher dimensions, more care must be taken in dealing with the
singular set of Y (which need not be discrete).
Acknowledgement. The authors would like to thank Cezar Joita and Mohan Ramachandran
for very helpful conversations.
1. The Zariski tangent space and Hermitian metrics
In this section we recall notions of tangent vectors and Hermitian metrics on complex
spaces. Throughout this section X (or (X,OX)) will denote a reduced complex space.
Analytic subsets. Unless otherwise indicated, by an analytic subset of X we will mean
a properly embedded reduced analytic subspace A; that is, a closed subset which is locally
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the zero set of a collection of holomorphic functions together with structure sheaf given by
the restrictions of local holomorphic functions in X . We will denote the structure sheaf of
A by OA and the ideal sheaf by IA.
By a local holomorphic model (or simply a local model) in X we will mean a triple
(U,Φ, U ′), where U is an open subset of X , U ′ is an open subset of CN for some N , and
Φ: U → U ′ is a holomorphic map which maps U isomorphically onto an analytic subset
Φ(U) of some open subset of U ′. Note that we do not require Φ to be proper, but it will
be convenient for our purposes to also have an open set U ′ containing Φ(U) to which to
refer. If Φ is a proper embedding, then we will call (U,Φ, U ′) a proper local holomorphic
model (or simply a proper local model). Observe that, for (U,Φ, U ′) to be a local model,
we do require in general that Φ properly embed U into some open subset of U ′ (i.e. the
topology on U induced by U ′ agrees with the original topology on U).
The Zariski tangent linear space. For each point p ∈ X , the vector space
T (1)p X ≡ (mp/m2p)∗,
where mp is the maximal ideal in OX at p, is called the Zariski tangent space at p. The
Zariski tangent linear space
ΠT (1)X : T (1)X ≡
⋃
p∈X
T (1)p X → X
has a natural reduced complex analytic linear space structure with the following local
models. Given a proper local model (U,Φ, U ′) in X with U ′ ⊂ CN , setting A = Φ(U) we
get the analytic subset
B ≡ {w ∈ T (1)U ′ | z = ΠT (1)U ′(w) ∈ A and df(w) = 0 for every f ∈ (IA)z }
of T (1)U ′ = T 1,0U ′ = U ′ × CN and a bijection Φ∗ : T (1)U = T (1)X ↾U= ΠT (1)X−1(U) → B
determined by
dh(Φ∗v) = v([h ◦ Φ− h(Φ(p))]p) ∀h ∈ (OCN )Φ(p), p ∈ U, v ∈ T (1)p U.
For each point p ∈ U , the map (Φ∗)p = Φ∗ ↾T (1)p X : T
(1)
p X → {Φ(p)} × CN is an injective
complex linear map. The triple ([ΠT (1)X ]
−1(U),Φ∗, U
′ × CN) is the proper local holomor-
phic model in T (1)X corresponding to the proper local holomorphic model (U,Φ, U ′) in
X . Observe that we may identify B with T (1)A and we get a commutative diagram of
holomorphic maps
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T (1)U Φ∗✲ T (1)A
U
Φ ✲ A
❄ ❄
in which Φ and Φ∗ are isomorphisms. Note that ΠT (1)X : T (1)X → X need not be an open
mapping if X is singular.
We will denote by TX =
⋃
p∈X TpX the real analytic linear space associated to the
complex analytic linear space T (1)X and by J : TX → TX the corresponding complex
structure. We may identify T (1)X = (TX, J) with the (1, 0) part T 1,0X of the complexifi-
cation of TX under the isomorphism v 7→ 1
2
(v −√−1Jv).
Tangent mappings. A holomorphic mapping Ψ: X → Y of reduced complex spaces X
and Y induces a holomorphic mapping Ψ∗ : T (1)X → T (1)Y such that, for each p ∈ X , the
restriction (Ψ∗)p = Ψ∗ ↾T (1)p X : T
(1)
p X → T (1)Ψ(p)Y is the linear map given by
(Ψ∗)p(v)([f ]Ψ(p)) = v([f ◦Ψ]p) ∀ v ∈ T (1)p X, f ∈ mY,Ψ(p).
If R is a function on T (1)Y , then we denote the function R ◦Ψ∗ on T (1)X by Ψ∗R (instead
of (Ψ∗)
∗R). If (Ψ∗)p is injective for some point p ∈ X , then the restriction of Ψ to a
small neighborhood U of p in X embeds U properly into some neighborhood of Ψ(p) in Y .
Moreover, Ψ∗ is a (proper) embedding if and only if Ψ is a (proper) embedding. Finally,
given another holomorphic mapping Φ: Y → Z to a reduced complex space Z, we have
(Φ ◦Ψ)∗ = Φ∗ ◦Ψ∗.
Similarly, a C∞ mapping Ψ: M → X of a real C∞ manifold M into X induces a C∞
tangent mapping Ψ∗ : TM → TX . For Ψ a holomorphic mapping, the above mappings
correspond under the isomorphism (TX, J) ∼= T (1)X .
Embedding dimension. For each point p ∈ X , there is a proper local holomorphic model
Φ: U → U ′ ⊂ T (1)p X ∼= Cd on a neighborhood U of p with Φ(p) = 0 and Φ∗
(
T (1)p X
)
=
T (1)0 Φ(U) = {0} × Cd. Furthermore, every holomorphic embedding of a neighborhood
of p into a complex manifold factors into the composition with Φ of an embedding of
a neighborhood of 0. In other words, if Ψ: V → Y is a holomorphic embedding of a
neighborhood V ⊂ U of p into a complex manifold Y and Ψ′ is any holomorphic lifting of
Ψ to a neighborhood V ′ of 0 in Cd (i.e. Ψ′ : V ′ → Y is a holomorphic map with Ψ′ ◦Φ = Ψ
on a neighborhood of p), then Ψ′ embeds a neighborhood of 0 ∈ Cd into a neighborhood
of Ψ(p) in Y . In particular, d = dim T (1)p X = embdim pX is the (minimal) embedding
dimension of the complex analytic space germ at p determined by X .
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The associated direct sum spaces. For a positive integer q, we will denote by T (q)X
the q-fold reduced fiber product space
ΠT (q)X : T (q)X = T (1)X ×Π
T (1)X
· · · ×Π
T (1)X
T (1)X → X.
Thus, for each point p ∈ X ,
(ΠT (q)X)
−1(p) = T (q)p X = T (1)p X × · · · × T (1)p X = T (1)p X ⊕ · · · ⊕ T (1)p X (q summands).
If Ψ: X → Y is a holomorphic mapping of reduced complex spaces, then, for every
positive integer q, we define the holomorphic mapping (linear on fibers) Ψ
(q)
∗ : T (q)X →
T (q)Y by (v1, . . . , vq) 7→ (Ψ∗v1, . . . ,Ψ∗vq). If R is a function on T (q)Y , then we define the
function Ψ∗R on T (q)X by Ψ∗R = R ◦Ψ(q)∗ .
Hermitian metrics. A Hermitian metric g in X is a C∞ function g : T (2)X → C such
that g ↾
T
(2)
p X
is a Hermitian inner product for each point p ∈ X . Equivalently (see, for
example, [JNR]), for each point p ∈ X , there is a local model (U,Φ, U ′) in X with p ∈ U
and a (C∞) Hermitian metric g′ in U ′ such that g ↾T (2)U= Φ
∗g′. We will call g′ a local
representation for g. If Ψ: Y → X is a local holomorphic embedding, then we get a
pullback Hermitian metric Ψ∗g in Y . We will also write g ↾Y= ι
∗g = g ↾T (2)Y for an
inclusion ι : Y ⊂ X .
Remarks. 1. Since every local model in a neighborhood of a point p ∈ X factors through
T (1)p X in a neighborhood of p, with both factors embeddings, it follows that a local repre-
sentation g′ as above exists in a neighborhood of p in any local model.
2. The Hermitian metric g also determines a Hermitian metric and an associated Riemann-
ian metric in the isomorphic complex linear space (TX, J).
Distance in a complex space. Assume that X is connected and let g be a Hermitian
metric in X . Given a piecewise C∞ curve γ : [a, b] → X , we define the length of γ with
respect to g by
ℓg(γ) =
∫ b
a
|γ˙(t)|g dt.
Given two points, p, q ∈ X , we define the distance between p and q with respect to g by
distg(p, q) = inf { ℓg(γ) | γ is a piecewise C∞ curve from p to q in X } .
This distance is finite since such a piecewise C∞ path connecting two given points always
exists (for example, by the existence of a resolution of singularities). We have the following
standard fact:
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Proposition 1.1. Let X be connected and let g be a Hermitian metric in X. Then distg(·, ·)
is a metric (in the sense of a distance function) in X which induces the given complex space
topology in X. Furthermore, there exists a positive continuous function α on X such that,
if β is any positive C∞ function on X with β ≥ α on the complement of some compact
subset of X and h = β · g, then, for each point p ∈ X, the function x 7→ disth(x, p) is an
exhaustion function. In particular, disth is a complete metric.
Proof. It is easy to see that distg is symmetric and nonnegative on X × X and zero on
the diagonal. The triangle inequality is also easily verified. Given a point a ∈ X , we may
choose a proper local holomorphic model (U,Φ, U ′) with a ∈ U and a Hermitian metric
g′ on U ′ with Φ∗g′ = g on U . Given a connected relatively compact neighborhood V of a
in U , we may choose a connected relatively compact neighborhood V ′ of Φ(a) in U ′ with
Φ−1(V ′) = V . Let r = distg′(Φ(a), U
′ \ V ′) > 0. Given a point x ∈ X \ V and a piecewise
C∞ path γ in X from a to x, there is some t ∈ (0, 1] with γ([0, t)) ⊂ V and γ(t) ∈ ∂V .
Thus ℓg(γ) ≥ ℓg′
(
Φ
(
γ ↾[0,t]
)) ≥ r. It follows that distg(a, ·) > 0 on X \ {a} (since, for
any given x ∈ X \ {a}, we may choose such a neighborhood V not containing x) and
Bg(a; r) ⊂ V . Thus distg is a metric inducing a topology which is finer than the given
topology.
For the reverse containment, let Ψ: Xˇ → X be a resolution of singularities. Thus Xˇ
is a smooth complex space with connected components
{
Xˇi
}
i∈I
, Ψ is a surjective proper
holomorphic map, the analytic set E = Ψ−1(Xsing) is nowhere dense in Xˇ , Ψ maps Xˇ \ E
isomorphically onto Xreg, and the distinct irreducible components of X are given by Xi =
Ψ(Xˇi) for i ∈ I. We may also choose a Hermitian metric h on Xˇ , and we may let gˇ be the
Hermitian metric given by gˇ = Ψ∗g + h. Given a point a ∈ X and a constant r > 0, we
may choose a neighborhood U of the compact analytic set A = Ψ−1(a) in Xˇ such that, for
each i ∈ I, U ∩ Xˇi is contained in the r-neighborhood of A∩ Xˇi with respect to the metric
distgˇ↾Xˇi
(in particular, U ∩ Xˇi = ∅ if A ∩ Xˇi = ∅). The set Ψ(U) contains a neighborhood
V of a in X and, given a point xˇ ∈ U , we may choose a C∞ path γˇ in Xˇi for some i ∈ I
with γˇ(0) ∈ A, γˇ(1) = xˇ, and ℓgˇ(γˇ) < r. The path γ = Ψ(γˇ) from a to x = Ψ(xˇ) then
satisfies
ℓg(γ) =
∫ 1
0
|γ˙(t)|g dt ≤
∫ 1
0
| ˙ˇγ(t)|gˇ dt < r.
Thus a ∈ V ⊂ Ψ(U) ⊂ Bg(a; r) and hence the metric topology and the given topology are
equal.
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Finally, for the construction of the function α, we may assume without loss of generality
that X is noncompact. We may choose a sequence of domains {Ων}∞ν=0 in X such that
X =
⋃∞
ν=0Ων and Ων−1 ⋐ Ων for each ν = 1, 2, 3, . . . . There then exists a continuous
function α : X → (1,∞) such that α > [distg(Ων−1, X \ Ων)]−2 on X \ Ων−1 for each
ν = 1, 2, 3, . . . . Suppose p ∈ X , β is a positive C∞ function on X with β ≥ α on the
complement of some compact set K ⊂ X , and h = β · g. We may fix µ ∈ N with
{p} ∪K ⊂ Ωµ−1. Suppose R > 0 and ν ≥ R + µ. If γ is a piecewise C∞ path from p to a
point x ∈ X \ Ων , then we have numbers
0 < sµ < tµ ≤ sµ+1 < tµ+1 ≤ sµ+2 < tµ+2 ≤ · · · ≤ sν < tν ≤ 1
such that, for j = µ, . . . , ν, we have γ((sj, tj)) ⊂ Ωj \Ωj−1, γ(sj) ∈ ∂Ωj−1, and γ(tj) ∈ ∂Ωj .
Hence
ℓh(γ) ≥
ν∑
j=µ
∫ tj
sj
|γ˙(t)|h dt ≥
ν∑
j=µ
[distg(Ωj−1, X \ Ωj)]−1
∫ tj
sj
|γ˙(t)|g dt ≥ ν − µ+ 1 > R.
Thus Bh(p;R) ⊂ Ων ⋐ X and hence the function x 7→ disth(x, p) exhausts X . 
To close this section, we record two facts for later use.
Lemma 1.2. Suppose X is connected, g is a Hermitian metric on X, and x 7→ dist g(x, p)
is an exhaustion function on X for some (hence, for each) point p ∈ X. Then we have the
following:
(a) For each point p ∈ X and each constant R > 0, the set
K(p, R) ≡ { [α] ∈ π1(X, p) | α is a piecewise C∞ loop in X of length < R }
is finite.
(b) For every connected covering space Υ: X̂ → X, x 7→ dist gˆ(x, p) is an exhaustion
function for each point p ∈ X̂, where gˆ = Υ∗g. In particular, dist gˆ(·, ·) is a complete
metric on X̂.
Proof. For the proof of (a), we fix a point p ∈ X and number r > 0 so small that, for
each point a in the compact set D ≡ Bg(p;R), the ball Bg(a; 3r) is contained in some
contractible open set. We may also choose points p = p1, p2, . . . , pk ∈ D such that the
balls B1 = Bg(p1; r), . . . , Bk = Bg(pk; r) form a covering for D, a Lebesgue number δ > 0
for this covering with δ < r, and a positive integer m such that R/m < δ. For each pair
of indices i, j, we may choose a piecewise C∞ path λij = λ
−1
ji from pi to pj such that
ℓg(λij) < dist g(pi, pj) + r. Now any piecewise C
∞ loop α of length < R based at p is
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homotopic to a loop α1 ∗α2 ∗ · · · ∗αm in D; where, for each ν = 1, . . . , m, αν is a piecewise
C∞ path of length < δ and is, therefore, contained in Biν for some index iν . We may choose
i1 = im = 1. For each ν = 2, . . . , m, we may choose a piecewise C
∞ path ρν of length < r
from αν−1(1) = αν(0) to piν−1 . Thus α ∼ γ1 ∗ · · · ∗ γm, where γ1 = α1 ∗ ρ2, γm = ρ−1m ∗ αm,
and, for ν = 2, . . . , m−1, γν = ρ−1ν ∗αν ∗ρν+1. For each ν = 2, . . . , m, we have ℓg(γν) < 3r.
We also have αν(0) ∈ Biν−1 ∩Biν , so ℓg
(
λiν−1iν
)
< dist g(piν−1 , piν) + r < 3r. Therefore, γν
is homotopic to λiν−1iν . Moreover, γ1 is homotopic to the trivial loop at p1 = p. Thus α is
homotopic to the loop λi1i2 ∗ λi2i3 ∗ · · · ∗ λim−1im and the claim follows.
For the proof of (b), suppose Υ: X̂ → X is a connected covering space, gˆ = Υ∗g,
p ∈ X , R > 0, and {xν} is a sequence in X̂ such that dist gˆ(xν , p) < R for each ν. We
must show that {xν} admits a convergent subsequence. Since {Υ(xν)} ⊂ Bg(p;R) ⋐ X ,
we may assume that {Υ(xν)} converges to some point a ∈ X . Fixing a contractible
neighborhood U of a in X and a sufficiently small constant ǫ > 0, we may also assume
that {Υ(xν)} ⊂ Bg(a; ǫ) ⋐ U . Therefore, by replacing R with R + ǫ and each point xν
with the unique point in Υ−1(a) lying in the same connected component of Υ−1(U) as xν ,
we may assume that Υ(xν) = a for each ν. For each ν, there exists a piecewise C
∞ path
γν of length < R from p to xν . Each of the homotopy classes
[
Υ(γ−11 ∗ γν)
]
in π1(X, a) lies
in the finite set K(a, 2R), so the collection of terminal points { xν | ν = 1, 2, 3, . . . } of the
liftings
{
γ−11 ∗ γν
}
must be a finite set. The claim now follows. 
Lemma 1.3. Let (X, g) be a connected reduced Hermitian complex space, let Y be a com-
pact analytic subset of X, and let ǫ > 0. Then there exists a constant δ > 0 such that, for
every connected covering space Υ: X̂ → X and for every pair of irreducible components
A and B of Ŷ = Υ−1(Y ), we have dist gˆ(A \ N(A ∩B; ǫ), B) > δ; where gˆ = Υ∗g. In
particular, for A and B disjoint, we have dist gˆ(A,B) > δ.
Remark. If A ⊂ N(A ∩ B; ǫ), then we take dist gˆ(A \N(A ∩B; ǫ), B) = dist gˆ(∅, B) =∞.
Proof. We may choose open sets {Vj}mj=1 in X and contractible open sets {Uj}mj=1 in X
such that Y ⊂ ⋃mj=1 Vj and such that, for each j = 1, . . . , m, we have Vj ⋐ Uj . We may
fix a Lebesgue number η > 0 for the covering {Vj}mj=1 of Y with respect to the metric
dist g(·, ·). In other words, for each point p ∈ Y , we have Bg(p; η) ⊂ Vj for some j. We may
also choose η so that η < ǫ. We may then choose δ > 0 so that 2δ < η and so that, for each
j = 1, . . . , m, we have 2δ < dist g(V j ∩ A \ N(A ∩B; η), B) for every pair of irreducible
components A and B of Y ∩ Uj .
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Now suppose that Υ: X̂ → X is a connected covering space, gˆ = Υ∗g, A and B are
irreducible components of Ŷ = Υ−1(Y ), and aˆ ∈ A and bˆ ∈ B with dist gˆ(aˆ, bˆ) < 2δ.
Setting a = Υ(aˆ) and b = Υ(bˆ), we then have b ∈ Bg(a; 2δ) ⊂ Bg(a; η) ⊂ Vj for some j.
Hence
bˆ ∈ Bgˆ(aˆ; 2δ) ⊂ Bgˆ(aˆ; η) ⊂ V ⊂ U,
where U is the connected component of Υ−1(Uj) containing aˆ (which Υ maps isomorphically
onto Uj) and V = Υ
−1(Vj)∩U . We have aˆ ∈ Â0 and bˆ ∈ B̂0 for some irreducible components
Â0 of A ∩ U and B̂0 of B ∩ U (and, therefore, of Ŷ ∩ U). Since Υ maps U isomorphically
onto Uj , the sets A0 = Υ(Â0) and B0 = Υ(B̂0) are irreducible components of Y ∩Uj . Since
dist g(a, b) < 2δ, the choice of δ implies that a ∈ V j ∩ A0 ∩N(A0 ∩ B0; η). Hence we may
choose a piecewise C∞ path λ of length less than η in X with λ(0) = a and λ(1) ∈ A0∩B0.
The lifting λˆ with λˆ(0) = aˆ lies entirely in U and, therefore, λˆ(1) ∈ Â0 ∩ B̂0 ⊂ A ∩ B.
Hence dist gˆ(aˆ, A∩B) < η < ǫ and it follows that dist gˆ(A \N(A ∩B; ǫ), B) ≥ 2δ > δ. 
2. Positive sums of eigenvalues of the Levi form
Throughout this section X will denote a reduced complex space, g will denote a Her-
mitian metric in X , and q will denote a positive integer.
Definition 2.1. Let ϕ be a real-valued function on an open subset Ω of X . We will say
that ϕ is of class W∞(g, q) (of class SP∞(g, q)) and write ϕ ∈ W∞(g, q)(Ω) (respectively,
ϕ ∈ SP∞(g, q)(Ω)) if, for every analytic subset Y of an open subset of Ω, every point p ∈ Y ,
every local holomorphic model (U,Φ, U ′) in Y with p ∈ U , and every Hermitian metric g′
in U ′ with Φ∗g′ = g ↾Y on U , there exists a C
∞ function ϕ′ on a neighborhood V ′ of Φ(p)
in U ′ such that ϕ′ ◦ Φ = ϕ on V = Φ−1(V ′) ⊂ U and such that, for each point z ∈ V ′, the
trace of the restriction of the Levi-form L(ϕ′) to any q-dimensional subspace of T (1)z V ′ with
respect g′ is nonnegative (respectively, positive); that is, for any g′-orthonormal collection
of vectors e1, . . . , eq ∈ T (1)z V ′, we have
q∑
i=1
L(ϕ′)(ei, ei) ≥ 0 (respectively, > 0).
Clearly, W∞(g, q) ⊂ W∞(q) and SP∞(g, q) ⊂ SP∞(q). For manifolds, these classes
of functions were first introduced by Grauert and Riemenschneider [GR] and have been
applied by others in many different contexts. The definition is stated in the above (rather
cumbersome) form in order to guarantee the above inclusions as well as to guarantee
invariance under sums (by independence of the local representation) and restrictions to
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analytic subsets. One weakness in the definition ofW∞(g, q) is that the local extension ϕ′ is
not assumed to be of classW∞(g′, q); i.e. it is not assumed that ϕ′ admits further extensions
with Levi form satisfying the trace condition with respect to other local representations
of g′. One could build the existence of such extensions into the definition (in fact, the
functions produced in this paper will actually have such properties), but the above notion
suffices for our purposes. For SP∞(g, q), the situation is much better. In fact, the following
proposition provides an equivalent notion which is more easily checked (see, for example,
[JNR] as well as [Ri], [De], [Co1], [J]):
Proposition 2.2. A function ϕ on an open subset Ω of X is of class SP∞(g, q) if and
only if, for every point p ∈ Ω, there exist a local holomorphic model (U,Φ, U ′) in X with
p ∈ U ⊂ Ω and a C∞ function ϕ′ on U ′ such that ϕ′ ◦Φ = ϕ on U and such that, for each
point x ∈ U , the trace of the restriction of the pullback of the Levi-form Φ∗L(ϕ′) to any
q-dimensional subspace of T (1)x U with respect to g is positive.
The analogous class in which the trace of the restriction of Φ∗L(ϕ′) is only assumed to
be nonnegative is considered in [JNR]. The authors do not know whether or not this gives
the same class W∞(g, q).
One also has the following global extension theorem of Richberg [Ri] (cf. Fritzsche [Fr],
Demailly [De], Colt¸oiu [Co1], Joita [J], and [JNR]):
Theorem 2.3. If Y is an analytic subset of X and ϕ ∈ SP∞(g ↾Y , q)(Y ), then there exists
a function ψ of class SP∞(g, q) on a neighborhood of Y in X such that ψ = ϕ on Y .
Combining this with modifications of the arguments of Greene and Wu [GW], De-
mailly [De], and Ohsawa [O], one gets the following (see [JNR]):
Theorem 2.4. Let Y be a (properly embedded) analytic subset of X of dimension ≤ q with
no compact irreducible components of dimension q. Then there exists a C∞ exhaustion
function ϕ on X which is of class SP∞(g, q) on a neighborhood of Y .
It will also be convenient to have the following easy lemma:
Lemma 2.5. Let χ be a C∞ function on an interval (a, b) in R with χ′ ≥ 0 and χ′′ ≥ 0
and let ϕ be a function of class SP∞(g, q) on an open set Ω ⊂ X with values in (a, b).
Then the function ψ ≡ χ(ϕ) has the following properties:
(a) We have ψ ∈ W∞(g, q)(Ω).
(b) If χ′ > 0, then ψ ∈ SP∞(g, q)(Ω).
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(c) For any C∞ function α with compact support in Ω, there is a constant C =
C(ϕ, α) > 0 such that ψ + α will be of class SP∞(g, q) on Ω for any choice of
χ with χ′ > 0 (and χ′′ ≥ 0) on (a, b) and χ′ > C on ϕ(suppα).
Remark. Most of the W∞(g, q) functions to be constructed in this paper will locally be
expressible as sums of functions of the form ψ = χ(ϕ) as in the above lemma.
3. Q-convexity in a covering of a neighborhood of a Stein manifold
In this section, we produce, in a covering, a function on a uniform neighborhood of the
lifting of an embedded Stein manifold which is strongly q-convex near the lifting of a large
compact set and equal to 0 elsewhere. More precisely, we prove the following:
Proposition 3.1. Let (X, g) be a connected reduced Hermitian complex space of bounded
local embedding dimension; let Y be a connected Stein manifold of dimension q > 0 which
is properly embedded in X; and let Q, Ω1, and Ω2 be open subsets of X such that
X ⋑ Ω1 ⋑ Ω2 ⋑ Q;
Q ∩ Y and Ωj ∩ Y for j = 1, 2 are nonempty, connected, and relatively compact in Y ;
Q ∩ Y = Q ∩ Y ; and Ωj ∩ Y = Ωj ∩ Y for j = 1, 2. Then there exists a connected
neighborhood Θ1 of Y in X and a nonnegative C
∞ function α on Θ1 satisfying the following.
(a) We have
(i) On Θ1 \ Ω1, α ≡ 0;
(ii) On Θ1 ∩ Ω2, α > 0;
(iii) On some neighborhood of Θ1 \Q, α is of class W∞(g, q); and
(iv) For B = { x ∈ Θ1 | α(x) > 0 } ⊃ Θ1 ∩ Ω2, α is of class SP∞(g, q) on a neigh-
borhood of B \Q.
(b) Suppose Ω3 and Ω4 are open subsets of X such that
Ω2 ⋑ Ω3 ⋑ Ω4 ⋑ Q,
and, for j = 3, 4, Ωj ∩ Y is connected and Ωj ∩ Y = Ωj ∩ Y . Suppose also
that {ων}ν∈N is a family of real-valued C∞ functions with compact support in B.
Then, for some connected neighborhood Θ2 of Y in Θ1, for any family of suffi-
ciently large positive constants {Rν}ν∈N , for every connected infinite covering space
Υ : X̂ → X in which Ŷ = Υ−1(Y ) and Υ−1(Ω4 ∩ Y ) are connected, and for ev-
ery positive continuous function θ on X̂, there is a nonnegative C∞ function α0
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on Θ̂2 = Υ
−1(Θ2) such that, if Ω̂j = Υ
−1(Ωj) for j = 1, 2, 3, 4, αˆ = α ◦ Υ, and
B̂ = Υ−1(B), then
(i) On Θ̂2, α0 ≥ αˆ;
(ii) On Θ̂2 \ Ω̂3, α0 = αˆ;
(iii) For each point ν ∈ N , the function Rν ·α0+ων ◦Υ will be C∞ strongly q-convex
on B̂ ∩ Θ̂2; and
(iv) On Θ̂2 ∩ Ω̂4, α0 > θ.
Lemma 3.2. Let (X, g) be a Hermitian complex manifold, let Z be a (properly embedded)
complex submanifold, and let α be a real-valued C∞ function on X such that α ↾Z is of class
SP∞(g ↾Z , q) on Z. Suppose ρ is a C∞ function on X such that, for each point p ∈ Z,
we have ρ(p) = 0, (dρ)p = 0, and L(ρ)(v, v) > 0 for each tangent vector v ∈ T 1,0p X \ T 1,0Z
(in particular, L(ρ)(v, v) ≥ 0 for each v ∈ T 1,0p X). Then there exists a positive continuous
function λ0 on Z such that, for every function λ ∈ C∞(X) with λ > λ0 on Z, the function
β ≡ α+ λ · ρ is of class SP∞(g, q) on a neighborhood of Z in X (depending on the choice
of λ).
Proof. Suppose λ is a positive C∞ function on X and β ≡ α+ λ · ρ. For each point p ∈ Z
and each tangent vector v ∈ T 1,0p X , we have
L(β)(v, v) = L(α)(v, v) + λ(p) · L(ρ)(v, v) ≥ L(α)(v, v).
Let EX and EZ be the set of orthonormal q-frames in T (q)X and T (q)Z, respectively. By
the definition of SP∞(g, q) and continuity, there is a neighborhood W of EZ in T (q)X such
that
q∑
j=1
L(α)(vj , vj) > 0 ∀ v = (v1, . . . , vq) ∈ W.
On the other hand, for each (e1, . . . , eq) ∈ (EX \W ) ∩ [ΠT (q)X ]−1(Z), we have
q∑
j=1
L(ρ)(ej , ej) > 0.
Therefore, if λ grows sufficiently quickly at infinity on Z, then we will have
q∑
j=1
L(β)(ej , ej) > 0 ∀ (e1, . . . , eq) ∈ EX ∩ [ΠT (q)X ]−1(Z),
and it follows that β will be of class SP∞(g, q) on a neighborhood of Z. 
Lemma 3.3. Let X be a Stein manifold and let Z be a (properly embedded) complex
submanifold. Then there exists a nonnegative C∞ plurisubharmonic function ρ on X such
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that ρ(p) = 0 and (dρ)p = 0 for each point p ∈ Z and L(ρ)(v, v) > 0 for each nonzero
tangent vector v ∈ T 1,0X \ T 1,0Z.
Proof. For each point p ∈ X , Cartan’s Theorem A provides holomorphic functions
f (1)p , . . . , f
(mp)
p ∈ H0(X, I{p}∪Z)
generating the ideal sheaf I{p}∪Z at each point in a neighborhood Up of p in X . Setting
fp =
(
f
(1)
p , . . . , f
(mp)
p
)
, we see that, for any nonzero vector v ∈ T 1,0Up, we have dfp(v) = 0
if and only if v ∈ T 1,0Z. Forming a countable cover {Upν} of X by such sets and choosing
a sequence of positive numbers {ǫν} converging to 0 sufficiently fast, we get the function
ρ ≡∑ ǫν |fpν |2 with the required properties. 
As in [Fra], we will also apply the following theorem of Demailly [De] (see Theorem 1.13
of [NR]):
Theorem 3.4. Let D be a connected closed noncompact subset of a Hermitian manifold
(X, g), let U be a connected neighborhood of D in X, and let θ be a positive continuous
function on X. Then there exists a C∞ subharmonic function α on X such that α ≡ 0 on
X \ U , α > 0 and ∆α > 0 on U , and α > θ and ∆α > θ on D.
Proof of Proposition 3.1. We first prove the proposition for X a connected open subset of
Cn and Y closed in Cn. Let π : N = [T 1,0Cn ↾Y ]/T 1,0Y → Y be the normal bundle with
the Hermitian metric h induced by the Euclidean metric. Then there exists a positive
continuous function σ on Y and a biholomorphism Ψ: N → M of the neighborhood
N = { ξ ∈ N | |ξ|h < σ(π(ξ)) }
of the 0-section onto a connected neighborhood M of Y in X such that Ψ(0y) = y for
each point y ∈ Y (see, for example, [FoR]). Setting Λ(t, x) = Λt(x) = Ψ(tΨ−1(x)) for each
(t, x) ∈ [0, 1] ×M , we get a C∞ strong deformation retraction Λ: [0, 1] ×M → M of M
onto Y for which the map Λt : M → M is holomorphic for each t ∈ [0, 1]. In particular,
Λ0 : M → Y is a holomorphic submersion which is equal to the identity on Y .
According to Lemma 3.3, there exists a nonnegative C∞ plurisubharmonic function ρ
on Cn such that ρ(z) = 0 and (dρ)z = 0 for each point z ∈ Y and L(ρ)(v, v) > 0 for each
nonzero tangent vector v ∈ T 1,0Cn \ T 1,0Y .
Fixing a point p ∈ Q ∩ Y , applying Theorem 3.4 in the Hermitian manifold Y \ {p} to
the connected relatively open set Ω1 ∩ Y \ {p} and the noncompact connected relatively
closed set Ω2 ∩ Y \ {p} ⊂ Ω1 ∩ Y \ {p}, and patching with a positive C∞ function near p
in Q, we get a nonnegative C∞ function β on Y such that
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(3.1.1) On Y \ Ω1, β ≡ 0;
(3.1.2) On Ω1 ∩ Y , β > 0; and
(3.1.3) On Ω1 ∩ Y \Q, ∆gβ > 0.
We may now choose a constant δ with 0 < 3δ < minΩ2∩Y β and open sets U1 and Q0 in X
such that
Ω1 ⋑ U1 ⋑ Ω2, Q ⋑ Q0, β < δ on Y \ U1, and ∆gβ > 0 on Ω1 ∩ Y \Q0.
According to Lemma 3.2, if we fix a positive function λ ∈ C∞(Ω1) which is constant on U1
and sufficiently large on Ω1∩Y , then the function β ◦Λ0+λρ will be of class SP∞(g, q) on
a neighborhood of U2 \Q0 for some neighborhood U2 of Ω1 ∩ Y in Ω1 ∩M . Furthermore,
choosing U2 sufficiently small, we get β ◦ Λ0 + λρ < δ (> 3δ) on U2 \ U1 (respectively, on
U2 ∩ Ω2). Therefore, choosing an open set U3 in X with Y \ Ω1 ⊂ U3 ⊂ U3 ⊂ M \ U 1; a
C∞ function χ : R → [0,∞) such that χ′ ≥ 0 and χ′′ ≥ 0 on R, χ(t) ≡ 0 for t ≤ δ, and
χ(t) = t− 2δ for t ≥ 3δ; and a connected neighborhood Θ1 of Y in U3 ∪U2, we may define
a C∞ function α on Θ1 by setting α = 0 on Θ1 \ U2 and α = χ(β ◦ Λ0 + λρ) on Θ1 ∩ U2.
It is now easy to verify that α has the properties described in (a) (using Lemma 2.5 to
get (iii)).
For the construction of the neighborhood Θ2 as in (b), we choose open sets V1, V2, and V3
in X such that Ω3 ⋑ V1 ⋑ V2 ⋑ V3 ⋑ Ω4 and such that, for j = 1, 2, 3, Vj ∩ Y is connected
and Vj ∩ Y = V j ∩Y . If σ0 < σ is a sufficiently small positive continuous function Y , then
the connected open set Θ2 ≡ Ψ({ ξ ∈ N | |ξ|h < σ0(π(ξ)) }), will satisfy
Y ⊂ Θ2 ⊂ Θ2 ⊂ Θ1, Λ−10 (V2 ∩ Y ) ∩Θ2 ⊂ V1, and Λ0(Ω4 ∩Θ2) ⊂ V3 ∩ Y.
We may also choose a nonnegative C∞ function γ on Cn such that supp γ ⊂ Ω3 ∩ Θ1,
γ is C∞ strictly plurisubharmonic on a neighborhood of V 1 ∩ Θ2, and α + γ is of class
SP∞(g, q) on a neighborhood of B ∩Θ2 \Q; where B = {x ∈ Θ1 | α(x) > 0 } ⊃ Θ1 ∩ Ω2.
Suppose now that Υ : X̂ → X is a connected infinite covering space in which Ŷ =
Υ−1(Y ) and Υ−1(Ω4 ∩ Y ) are connected. Let θ be a positive continuous function on X̂ ,
let M̂ = Υ−1(M), let Q̂ = Υ−1(Q), let Θ̂j = Υ
−1(Θj) for j = 1, 2, let Ω̂j = Υ
−1(Ωj)
for j = 1, 2, 3, 4, let V̂j = Υ
−1(Vj) for j = 1, 2, 3, let αˆ = α ◦ Υ, let βˆ = β ◦ Υ ↾bY , let
ρˆ = ρ ◦ Υ, let λˆ = λ ◦ Υ, and let gˆ = Υ∗g. Observe that the map Λ lifts to a unique
C∞ strong deformation retraction Λˆ of M̂ onto Ŷ . The restriction of the corresponding
holomorphic submersion Λˆ0 : M̂ → Ŷ to Θ̂2 is a proper map and hence we may choose a
positive continuous function θ0 on Ŷ such that θ0 ◦ Λˆ > θ on Θ̂2.
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Applying Theorem 3.4 in the Hermitian manifold (Ŷ , gˆ ↾bY ) to the connected relatively
open set V̂2 ∩ Ŷ and the noncompact connected closed set V̂3 ∩ Ŷ , we get a nonnegative
C∞ function β0 on Ŷ such that
(3.1.4) On Ŷ \ V̂2, β0 ≡ 0;
(3.1.5) On V̂2 ∩ Ŷ , β0 > 0 and ∆gˆβ0 > 0; and
(3.1.6) On V̂3 ∩ Ŷ , β0 > θ0 and ∆gˆ(βˆ + β0) > 0.
In particular, ∆gˆ(βˆ + β0) > 0 on Ω̂1 ∩ Ŷ . Setting B̂ = Υ−1(B), γˆ = γ ◦ Υ, and α1 =
(αˆ + β0 ◦ Λˆ0) ↾bΘ2, we will show that the C∞ function α0 = α1 + γˆ has the required
properties.
Clearly, we have α0 ≥ αˆ on Θ̂2. Since α1 = αˆ on Θ̂2 \ Λˆ−10 (V̂2 ∩ Ŷ ) ⊃ Θ̂2 \ V̂1 ⊃ Θ̂2 \ Ω̂3
and supp γ ⊂ Ω3, we have α0 = αˆ on Θ̂2 \ Ω̂3. On the set Λˆ−10 (V̂3 ∩ Ŷ ) ∩ Θ̂2 ⊃ Ω̂4 ∩ Θ̂2, we
have α0 ≥ β0 ◦ Λˆ0 > θ0 ◦ Λ0 > θ.
It remains to verify the condition (iii) in part (b). Since α0 = αˆ+γˆ on Θ̂2\Λˆ−10 (V̂2∩Ŷ ) ⊂
Θ̂2 \ Q̂, since α + γ is of class SP∞(g, q) on a neighborhood of B ∩Θ2 \Q, and since γ is
C∞ strictly plurisubharmonic on a neighborhood of V 1∩Θ2, we need only show that α1 is
C∞ strongly q-convex in a neighborhood of each point x ∈ Θ̂2 ∩ Λˆ−10
(
V̂2 ∩ Ŷ
)
. For this,
observe that, since y = Λˆ0(x) ∈ Ω̂1 ∩ Ŷ , we have ∆gˆ(βˆ + β0)(y) > 0. Hence there exists
a 1-dimensional vector subspace V of T 1,0y Ŷ such that L
(
βˆ + β0
)
> 0 on V \ {0}. Since
Λ0 is a submersion, the inverse image U = [(Λ0)∗]−1x (V) is a vector subspace of dimension
n− q+1 in T 1,0y X̂ . By construction, on some neighborhood of x we have βˆ ◦ Λˆ0+ λˆρˆ > 3δ
and hence
α1 = χ(βˆ ◦ Λˆ0 + λˆρˆ) + β0 ◦ Λˆ0 = βˆ ◦ Λˆ0 + λˆρˆ− 2δ + β0 ◦ Λˆ0 = (βˆ + β0) ◦ Λˆ0 + λˆρˆ− 2δ.
Moreover, λˆ is constant near x. Thus for each tangent vector v ∈ U \ {0}, we have
L(α1)(v, v) = L
(
βˆ + β0
)(
(Λˆ0)∗v, (Λˆ0)∗v
)
+ λˆ(x)L(ρˆ)(v, v).
Both terms on the right-hand side are nonnegative, the first is positive if (Λˆ0)∗v 6= 0, and
the second is positive if (Λˆ0)∗v = 0. Thus α1 is C
∞ strongly q-convex near x.
We now consider the case of a general connected reduced complex space X of bounded
local holomorphic embedding dimension. According to the Stein neighborhood theorem of
Siu [Si] and the embedding theorem of Remmert [R], Narasimhan [Ns], and Bishop [B],
some connected neighborhood of Y in X admits a proper holomorphic embedding into Cn
for some positive integer n. Thus there exists a proper holomorphic embedding Φ: Z → X ′
of a connected neighborhood Z of Y in X into a connected open subset X ′ of Cn such
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that Y ′ = Φ(Y ) is closed in Cn, Y is a continuous strong deformation retract of Z, and
Z ′ = Φ(Z) is a continuous strong deformation retract of X ′. We may also fix a Hermitian
metric g′ on X ′ such that Φ∗g′ = g on Z. Finally, we may fix a connected neighborhood
P1 of Y
′ in Cn with P 1 ⊂ X ′.
Given open sets Ω1, Ω2, and Q as in the statement of the proposition, we may choose
open sets Ω′1, Ω
′
2, and Q
′ in Cn such that X ′ ⋑ Ω′1 ⋑ Ω
′
2 ⋑ Q
′, Q′∩Z ′∩P1 = Φ(Q∩Z)∩P1,
Ω′j ∩ Z ′ ∩ P1 = Φ(Ωj ∩ Z) ∩ P1 for j = 1, 2, Q′ ∩ Z ′ = Q′ ∩ Z ′, and Ω′j ∩ Z ′ = Ω′j ∩ Z ′ for
j = 1, 2. By the above, there exists a neighborhood Θ′1 ⊂ P1 of Y ′ and a C∞ function α′
satisfying the conditions in part (a) relative to these choices of sets in Cn. The connected
component Θ1 of Φ
−1(Θ′1) containing Y and the function α = α
′ ◦Φ ↾Θ1 on Θ1 then satisfy
the conditions in part (a) in X .
Fix a connected open set P2 in C
n with P 2 ⊂ Θ1. Given open sets Ω3 and Ω4 as in
part (b), we may choose open sets Ω′3 and Ω
′
4 in C
n such that Ω′2 ⋑ Ω
′
3 ⋑ Ω
′
4 ⋑ Q
′,
Ω′j ∩ Z ′ ∩ P2 = Φ(Ωj ∩ Z) ∩ P2 for j = 3, 4, and Ω′j ∩ Z ′ = Ω′j ∩ Z ′ for j = 3, 4. Set
B′ = {x ∈ Θ′1 | α′(x) > 0 } and B = Φ−1(B′)∩Θ1 = {x ∈ Θ1 | α(x) > 0 }. Given a family
of functions {ων}ν∈N as in the statement of part (b), we may form a family of real-valued
C∞ functions {ω′ν}ν∈N with compact support in B′ such that ω′ν ◦Φ = ων on B for each ν.
Again, for some neighborhood Θ′2 ⊂ P2 of Y ′ and for sufficiently large positive constants
{Rν}, we get the conditions in part (b) relative to the above choices and any covering space
of X ′ (with the required properties). Let Θ2 be the connected component of Φ
−1(Θ′2)
containing Y . For any infinite covering space Υ: X̂ → X in which Ŷ = Υ−1(Y ) and
Υ−1(Ω4 ∩ Y ) are connected and for any positive continuous function θ on X̂ , we get a
corresponding covering Υ′ : X̂ ′ → X ′ such that Φ lifts to a proper holomorphic embedding
Φˆ of Ẑ = Υ−1(Z) into X̂ ′ and we may choose a positive continuous function θ′ on X̂ ′ with
θ′ ◦ Φˆ = θ on Ẑ. Forming the corresponding function α′0 on Θ̂′2 = (Υ′)−1(Θ′2), we get the
desired function α0 = α
′
0 ◦ Φˆ ↾bΘ2 on Θ̂2 = Υ−1(Θ2). 
4. A uniformly quasi-plurisubharmonic function
We recall that an upper semi-continuous function ϕ : M → [−∞,∞) on a complex man-
ifold M is called plurisubharmonic if, for every holomorphic mapping f : D →M of a disk
D ⊂ C into M , the function ψ = ϕ ◦ f is subharmonic in D; that is, for every continu-
ous function u on a compact set K ⊂ D which is harmonic on the interior
◦
K and which
satisfies u ≥ ψ on ∂K, we have u ≥ ψ on K. The function ϕ is strictly plurisubharmonic
if, for every real-valued C∞ function ρ with compact support in M , the function ϕ + ǫρ
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is plurisubharmonic for every sufficiently small ǫ > 0. Let k ∈ Z≥0 ∪ {∞, ω}. A function
ϕ : X → [−∞,∞) on a reduced complex space X is plurisubharmonic (strictly plurisub-
harmonic, Ck plurisubharmonic, Ck strictly plurisubharmonic) if, for each point in p ∈ X ,
there is a local holomorphic chart (U,Φ, U ′) with p ∈ U and a function ϕ′ on U ′ such that
ϕ′ is plurisubharmonic (respectively, strictly plurisubharmonic, plurisubharmonic and of
class Ck, strictly plurisubharmonic and of class Ck) and such that ϕ = ϕ′ ◦ Φ on U . The
function ϕ is quasi-plurisubharmonic (Ck quasi-plurisubharmonic) if, locally, ϕ is the sum
of a real analytic function and a plurisubharmonic (respectively, Ck plurisubharmonic)
function. Clearly, for k ∈ Z≥2 ∪ {∞, ω}, a Ck function is Ck quasi-plurisubharmonic. By
a theorem of Richberg [Ri], a continuous function which is strictly plurisubharmonic is
automatically C0 strictly plurisubharmonic. However, the corresponding property for Ck
functions does not always hold on a complex space (see, for example, Smith [Sm]). Finally,
we observe that the class of C∞ strongly 1-convex functions is precisely the class of C∞
strictly plurisubharmonic functions and W∞(1) is precisely the class of C∞ plurisubhar-
monic functions (see the introduction).
The goal of this section is to produce a function on each covering space which is, in a
sense, uniformly quasi-plurisubharmonic and which has a logarithmic singularity along the
lifting of a given compact analytic set (cf. Lemma 5 of Demailly [De]). For this, it will be
convenient to have the following terminology:
Definition 4.1. Let A be a (properly embedded) analytic subset of a reduced complex
space X and let ϕ : Ω → [−∞,∞) be a mapping on an open subset Ω of X . We will say
that ϕ is of class W∞A (SP∞A , Q∞A ) if, for each point p ∈ Ω, there is a local holomorphic
model (U,Φ, U ′) in X with p ∈ U ⊂ Ω and a plurisubharmonic (respectively, strictly
plurisubharmonic, quasi-plurisubharmonic) function ϕ′ : U ′ → [−∞,∞) such that ϕ =
ϕ′ ◦ Φ on U , ϕ′ is real-valued and C∞ on U ′ \ Φ(A ∩ U), ϕ′ is continuous on U ′ as a
mapping into [−∞,∞), and ϕ′ = −∞ on Φ(A ∩ U).
The main goal of this section is the following:
Proposition 4.2. Let (X, g) be a connected reduced Hermitian complex space, let Y be a
compact analytic subset of X, let Ω be a relatively compact neighborhood of Y in X, let
{Dν}lν=1 be relatively compact open subsets of X, and let ρν be a C∞ strictly plurisubhar-
monic function on a neighborhood of Dν for each ν = 1, . . . , l. Then, for some choice of
nondecreasing continuous maps
η− : [0,∞]→ [−∞, 0] and η+ : [0,∞]→ [−∞, 0]
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with η− ≤ η+, η+(0) = −∞, and η− > −∞ on (0,∞]; for every sufficiently large R > 0; for
every connected covering space Υ: X̂ → X; and for every analytic set Z equal to a union of
irreducible components of Ŷ ≡ Υ−1(Y ); there exists a continuous function α : X̂ → [−∞, 0]
with the following properties:
(i) The function α is of class Q∞Z on X̂;
(ii) We have suppα ⊂ Ω̂ ≡ Υ−1(Ω);
(iii) For each ν = 1, . . . , l, α+R · ρν ◦Υ is of class SP∞Z on Υ−1(Dν);
(iv) For gˆ = Υ∗g, we have
η−(dist gˆ(x, Z)) ≤ α(x) ≤ η+(dist gˆ(x, Z)) ∀ x ∈ X̂.
Remarks. 1. For Z = ∅, we have dist gˆ(·, Z) ≡ ∞.
2. Clearly, we may choose R = 1 (by replacing α and η± with R
−1α and R−1η±, respec-
tively), but it will be more convenient for the proof to allow R to vary.
3. The condition SP∞Z is slightly stronger than necessary for our purposes, but working
with this class allows one to write some of the arguments more efficiently.
The proof of Proposition 4.2 is a modification of Demailly’s construction of a quasi-
plurisubharmonic function with logarithmic singularities along a given analytic subset
(Lemma 5 of [De]). The function is obtained by patching local quasi-plurisubharmonic
functions using the following C∞ version of the maximum function for which the given
properties are easy to check:
Lemma 4.3. Let κ : R→ [0,∞) be a C∞ function such that supp κ ⊂ (−1, 1), ∫
R
κ(u) du =
1, and
∫
R
uκ(u) du = 0. For each d ∈ Z>0, let Md : Rd → R be the function given by
Md(t) =
∫
Rd
[
max
1≤j≤d
(tj + uj)
] ∏
1≤j≤d
κ(uj) duj
for each t = (t1, . . . , td) ∈ Rd. Then
(a) For each t = (t1, . . . , td) ∈ Rd,
Md(t) =
∫
Rm
[
max
1≤j≤d
uj
] ∏
1≤j≤d
κ(uj − tj) duj.
(b) Md is C∞, convex, and symmetric in t1, . . . , td.
(c) Md(t1, . . . , td) is nondecreasing in each variable tj.
(d) For every t = (t1, . . . , td) ∈ Rd and s ∈ R, we have
Md(t1 + s, . . . , td + s) =Md(t) + s.
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(e) For every t ∈ Rd, max(t) ≤Md(t) ≤ max(t) + 1.
(f) If t′ = (t0, t1, . . . , td) = (t0, t) ∈ Rd+1 with t0 ≤ t1 − 2, then Md+1(t′) =Md(t).
(g) For d = 1, Md(t) = t for each t ∈ R.
(h) For each j = 1, . . . , d, we have 0 ≤ ∂
∂tj
Md(t1, . . . , td) ≤ 1.
(i) If ϕ = (ϕ1, . . . , ϕd) is a d-tuple of C
∞ real-valued functions on a complex mani-
fold X, then
L(Md(ϕ))(v, v) ≥ min
1≤j≤d
L(ϕj)(v, v) ∀ v ∈ T 1,0X.
The following is Demailly’s construction:
Lemma 4.4 (See Lemma 5 of [De]). Let X be a reduced complex space, let A be an
analytic subset of X, let {Uj}j∈J and {Vj}j∈J be locally finite coverings of X by open sets
with V j ⊂ Uj for each j ∈ J , and, for each index j ∈ J , let λj be a C∞ function on Vj
with λj → −∞ at ∂Vj and let
Fj =
(
f
(1)
j , . . . , f
(Nj)
j
)
: Uj → CNj
be a holomorphic map such that the coordinate functions generate the ideal sheaf I(A∩Uj) at
each point in Uj. Let α : X → [−∞,∞) be the mapping defined by setting α ≡ −∞ on A
and, for x ∈ X \ A, setting
α(x) =Md
[(
log |Fj1(x)|2 + λj1(x)
)
, . . . ,
(
log |Fjd(x)|2 + λjd(x)
)]
;
where j1, . . . , jd are the distinct indices with x ∈ Vj if and only if j ∈ {j1, . . . , jd}. Then α
is of class Q∞A on X.
Proof. Given a point x ∈ X , we have distinct indices j1, . . . , jd, jd+1, . . . , jm ∈ J such that
x ∈ Vj (respectively, x ∈ V j) if and only if j ∈ {j1, . . . , jd} (respectively, j ∈ {j1, . . . , jm}).
Thus we may choose a neighborhood W of x with
W ⋐ Vj1 ∩ · · · ∩ Vjd ∩ Ujd+1 ∩ · · · ∩ Ujm and W ∩ Vj = ∅ ∀ j ∈ J \ {j1, . . . , jm}.
Clearly, the functions |Fjµ|/|Fjν | are bounded onW for µ, ν = 1, . . . , m. On the other hand,
λjν is bounded on W for ν = 1, . . . , d and λjν → −∞ at x ∈ ∂Vjν for ν = d + 1, . . . , m.
Hence, choosing W sufficiently small, we get
log
∣∣Fjµ∣∣2 + λjµ − 2 > log |Fjν(x)|2 + λjν
on W ∩ Vjν for 1 ≤ µ ≤ d and d+ 1 ≤ ν ≤ m. Thus
α =Md
[(
log |Fj1 |2 + λj1
)
, . . . ,
(
log |Fjd|2 + λjd
)]
on W \ Z.
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Now we may also chooseW so that we have a proper local holomorphic model (W,Φ,W ′)
and, for each ν = 1, . . . , d, a holomorphic mapping F ′jν : W
′ → CNjν+ljν such that F ′jν ◦Φ =
(Fjν , 0, . . . , 0) on W and such that the coordinate functions for F
′
jν
generate the ideal
sheaf IΦ(A∩W ) at each point. Furthermore, we may assume that there is a C∞ strictly
plurisubharmonic function ρ on W ′ and C∞ functions λ′j1 , . . . , λ
′
jd
on W ′ such that, for
each ν = 1, . . . , d, we have λ′jν ◦ Φ = λjν on W and λ′jν + ρ is plurisubharmonic on W ′.
Setting α′ ≡ −∞ on Φ(A ∩W ) and
α′ =Md
[(
log
∣∣F ′j1∣∣2 + λ′j1) , . . . ,(log ∣∣F ′jd∣∣2 + λ′jd)]
on W ′ \ Φ(A ∩W ), we see that α′ ◦ Φ = α on W , α′ is C∞ on W ′ \ Φ(A ∩W ), and α′
is continuous as a mapping into [−∞,∞). Moreover, by part (i) of Lemma 4.3, α′ + ρ is
plurisubharmonic on W ′ \ Φ(A ∩W ) and, therefore, on W ′. It follows that α is of class
Q∞A on X . 
Proof of Proposition 4.2. We may fix finite coverings {Qi}ki=1, {Ui}ki=1, and {Vi}ki=1 of Y
by nonempty connected open subsets of X and functions {λi}ki=1 such that, for each i =
1, . . . , k,
(4.2.1) Qi is contractible;
(4.2.2) Vi ⋐ Ui ⋐ Qi ⋐ Ω;
(4.2.3) We have diam gUi < dist g(Ui, X \ Qi) (where the diameter diam g is taken with
respect to the distance function dist g(·, ·) in X ;
(4.2.4) If Ui ∩ Uj 6= ∅ for some j, then Ui ⋐ Qj ;
(4.2.5) For every set A which is equal to a union of irreducible components of Y ∩Qi each
of which meets Ui, we have a holomorphic map
Fi,A =
(
f
(1)
i,A , . . . , f
(Ni,A)
i,A
)
: Ui → CNi,A
such that the coordinate functions generate the ideal sheaf IA at each point in Ui
and
|Fi,A|2 =
Ni,A∑
j=1
|f (j)i,A|2 ≤ 1
(here, we allow for A = ∅ in which case we take Ni,A = 1 and Fi,A = f (1)i,A ≡ 1); and
(4.2.6) We have λi ∈ C∞(Vi), λi < −2 on Vi, and λi → −∞ at ∂Vi.
We may also choose open sets Q0, U0, V0, and W0 in X with
X \ (V1 ∪ · · · ∪ Vk) ⊂W0 ⊂W0 ⊂ V0 ⊂ V0 ⊂ U0 ⊂ U0 ⊂ Q0 ⊂ Q0 ⊂ X \ Y
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and a nonpositive function λ0 ∈ C∞(V0) with λ0 ≡ 0 on W0 and λ0 → −∞ at ∂V0. We
also set N0,∅ = 1 and
F0,∅ = f
(1)
0,∅ = f
(N0,∅)
0,∅ ≡ 1.
For i = 0, 1, 2, . . . , k, let Ai be the (finite) collection of analytic subsets of Qi which
are either empty or the union of a set of irreducible components of Y ∩ Qi each of which
meets Ui. Given an open subset Θ of X , let AΘ be the collection of (k + 1)-tuples A =
(A0, . . . , Ak) ∈ A0 × · · ·×Ak such that, for all i, j = 0, . . . , k, we have
Ai ∩ Ui ∩ Uj ∩Θ = Aj ∩ Uj ∩ Ui ∩Θ.
In particular, the associated set Aˇ ≡ [(A0 ∩ U0) ∪ · · · ∪ (Ak ∩ Uk)] ∩ Θ is a (properly
embedded) analytic subset of Θ with Aˇ ∩ Ui = Ai ∩ Ui ∩ Θ for i = 0, . . . , k. Thus for
each A = (A0, . . . , Ak) ∈ AΘ, as in Lemma 4.4, we may define a continuous function
αΘ,A : Θ → [−∞, 0] of class Q∞Aˇ by setting αΘ,A ≡ −∞ on Aˇ and, for each x ∈ Θ \ Aˇ,
setting
αΘ,A(x) =Md
[(
log
∣∣Fi1,Ai1 (x)∣∣2 + λi1(x)) , . . . ,(log ∣∣∣Fid,Aid (x)∣∣∣2 + λid(x))] ;
where i1, . . . , id are the distinct indices with x ∈ Vi if and only if i ∈ {i1, . . . , id}. We have
αΘ,A ≤ 0 because, in the above notation, all of the entries are nonpositive and at most one
is greater than −2; while, if t = (t1, . . . , td) with t1 ≤ 0 and tj < −2 for j = 2, . . . , d, then
Md(t) ≤Md(0,−2, . . . ,−2) =M1(0) = 0.
Similarly, we have αΘ,A ≡ 0 on W0 ∩ Θ ⊃ Θ \ Ω. Since X \W0 ⊂ Ω ⋐ X , it follows that,
given an open set V with V ⊂ Θ, there exists a positive constant RΘ,A,V and nondecreasing
continuous functions
ηΘ,A,V,− : [0,∞]→ [−∞, 0] and ηΘ,A,V,+ : [0,∞]→ [−∞, 0]
such that ηΘ,A,V,− ≤ ηΘ,A,V,+, ηΘ,A,V,+(0) = −∞, ηΘ,A,V,− > −∞ on (0,∞],
ηΘ,A,V,−(dist g(x, Aˇ)) ≤ αΘ,A(x) ≤ ηΘ,A,V,+(dist g(x, Aˇ)) ∀ x ∈ V,
and, for each ν = 1, . . . , l, the function αΘ,A +RΘ,A,V · ρν is of class SP∞Aˇ on Dν ∩ V .
The collection AUi ⊂ A0 × · · · × Ak is finite for each i. Thus we may choose a constant
R0 > 0 and nondecreasing continuous functions
η− : [0,∞]→ [−∞, 0] and η+ : [0,∞]→ [−∞, 0]
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such that η− ≤ η+, η+(0) = −∞, η− > −∞ on (0,∞], and, for each i = 0, 1, . . . , k and
each A ∈ AUi, we have R0 > RUi,A,Vi, η− ≤ ηUi,A,Vi,− ≤ ηUi,A,Vi,+ ≤ η+, and η+ ≡ 0 on the
interval [dist g(Vi, X \ Ui),∞] (note that dist g(V0, X \ U0) > 0 since X \ U0 is compact).
Given a connected covering space Υ: X̂ → X and an analytic subset Z of X which is
equal to a union of irreducible components of Ŷ = Υ−1(Y ), we will construct the associated
class Q∞Z function α : X̂ → [−∞, 0]. For this, we assume that the covering is infinite. The
proof for a finite covering is similar.
For each i = 0, . . . , k, we let Q̂i = Υ
−1(Qi), Ûi = Υ
−1(Ui), and V̂i = Υ
−1(Vi). We set
Ŵ0 = Υ
−1(W0). For each i = 1, . . . , k, we let
{
Q
(ν)
i
}∞
ν=1
,
{
U
(ν)
i
}∞
ν=1
, and
{
V
(ν)
i
}∞
ν=1
denote
the distinct connected components of Q̂i, Ûi, and V̂i, respectively, with V
(ν)
i ⋐ U
(ν)
i ⋐ Q
(ν)
i
for each ν. For 1 ≤ i ≤ k and ν ≥ 1, we let λ(ν)i = λi ◦ Υ ↾V (ν)i ∈ C
∞
(
V
(ν)
i
)
, we let
Z
(ν)
i be the union of all irreducible components of Z ∩ Q(ν)i meeting U (ν)i , we let A(ν)i =
Υ
(
Z
(ν)
i
)
∈ Ai, and we let F (ν)i = Fi,A(ν)i ◦Υ ↾U (ν)i : U
(ν)
i → C
N
i,A
(ν)
i . We also set Q
(1)
0 = Q̂0,
U
(1)
0 = Û0, V
(1)
0 = V̂0, W
(1)
0 = Ŵ0, λ
(1)
0 = λ0 ◦ Υ ∈ C∞
(
V
(1)
0
)
, Z
(1)
0 = ∅, A(1)0 = ∅, and
F
(1)
0 = F0,∅ ◦Υ ≡ 1 on U (1)0 .
Lemma 4.4 applied to the above objects yields a function α : X → [−∞, 0] satisfying the
conditions (i) and (ii). Specifically, α ≡ −∞ on Z while, for x ∈ X̂\Z and for distinct pairs
of indices (i1, ν1), . . . , (id, νd) with x ∈ V (ν)i if and only if (i, ν) ∈ {(i1, ν1), . . . , (id, νd)}, we
have,
α(x) =Md
[(
log
∣∣∣F (ν1)i1 (x)∣∣∣2 + λ(ν1)i1 (x)) , . . . ,(log ∣∣∣F (νd)id (x)∣∣∣2 + λ(νd)id (x))] .
We will show that α satisfies the conditions (iii) (for R > R0) and (iv) by showing that,
locally, we have α = αUi,A ◦Υ with A ∈ AUi.
Given i ∈ {1, . . . , k} and ν ∈ N, we have distinct indices i1, . . . , im ∈ {0, . . . , k} and
indices ν1, . . . , νm ∈ N such that, for any pair of indices (j, µ), we have
U
(ν)
i ∩ U (µ)j 6= ∅ ⇐⇒ (j, µ) ∈ {(i1, ν1), . . . , (im, νm)}
(here we have used the condition (4.2.4)). In particular, (i, ν) ∈ {(i1, ν1), . . . , (im, νm)}.
For each j = 0, . . . , k, let Aj ∈ Aj be the analytic set given by
Aj =
{ ∅ if j 6∈ {i1, . . . , im}
A
(νs)
is
if j = is
Then the k-tuple A ≡ (A0, . . . , Ak) is an element of AUi with associated analytic set
Aˇ = Υ
(
Z ∩ U (ν)i
)
= Υ
(
Z
(ν)
i ∩ U (ν)i
)
= A
(ν)
i ∩ Ui = Ai ∩ Ui.
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To see this, suppose 0 ≤ j ≤ k. If j = 0 or j /∈ i1, . . . , im, then Aj∩Uj∩Ui = ∅ = Ai∩Ui∩Uj .
If j = is 6= 0 for some s, then we have
Aj ∩ Uj ∩ Ui = A(νs)is ∩ Uis ∩ Ui = Υ
(
Z
(νs)
is
∩ U (νs)is
)
∩ Ui = Υ
(
Z ∩ U (νs)is ∩ U (ν)i
)
;
where the last equality holds because U
(ν)
i is the unique component of Ûi meeting U
(νs)
is
.
Exchanging j and i, we see that Aj ∩ Uj ∩ Ui = Ai ∩ Ui ∩ Uj in this case as well and the
claim follows.
Furthermore, we have α = αUi,A ◦Υ on U (ν)i . For both functions equal −∞ on Z ∩U (ν)i .
Given a point x ∈ U (ν)i \ Z, we may rearrange the indices so that, for some d ∈ 1, . . . , m,
we have x ∈ V (ν1)i1 ∩ · · · ∩ V (νd)id and x /∈ V̂j for j /∈ {i1, . . . , id}. Hence
α(x) =Md
[(
log
∣∣∣F (ν1)i1 (x)∣∣∣2 + λ(ν1)i1 (x)) , . . . ,(log ∣∣∣F (νd)id (x)∣∣∣2 + λ(νd)id (x))] .
We also have y = Υ(x) ∈ Vi1 ∩ · · · ∩ Vid and y /∈ Vj for j /∈ {i1, . . . , id}. Thus
αUi,A(y) =Md
[(
log
∣∣Fi1,Ai1 (y)∣∣2 + λi1(y)) , . . . ,(log ∣∣∣Fid,Aid (y)∣∣∣2 + λid(y))] ;
and we get the claim.
It follows that the condition (iii) holds on the set V
(ν)
i for R > R0. That is, for R > R0,
the function α+R ·ρν ◦Υ is of class SP∞Z on V (ν)i ∩Υ−1(Dµ) for µ = 1, . . . , l. To verify that
the condition (iv) also holds on V
(ν)
i , we fix x ∈ V (ν)i and set y = Υ(x) and r = dist gˆ(x, Z),
where gˆ = Υ∗g. The condition (4.2.3) ensures that dist gˆ(a, b) = dist g(Υ(a),Υ(b)) for all
a, b ∈ U (ν)i and
diam gˆU
(ν)
i = diam gUi < dist g(Ui, X \Qi) = dist gˆ
(
U
(ν)
i , X̂ \Q(ν)i
)
.
In particular, we have
η−(r) ≤ η−
(
dist gˆ
(
x, Z ∩ U (ν)i
))
= η−(dist g(y, Aˇ))
≤ ηUi,A,Vi,−(dist g(y, Aˇ)) ≤ αUi,A(y) = α(x)
For the other required inequality, we observe that, if
r ≥ dist gˆ
(
V
(ν)
i , X̂ \ U (ν)i
)
= dist g(Vi, X \ Ui),
then, by the choice of η+, we have
α(x) = αUi,A(y) ≤ 0 = η+(r).
If r < dist gˆ(V
(ν)
i , X̂ \ U (ν)i ), then we must have
r = dist gˆ
(
x, Z ∩ U (ν)i
)
= dist g(y, Aˇ)
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and hence
α(x) = αUi,A(y) ≤ ηUi,A,Vi,+(r) ≤ η+(r).
Thus the condition (iv) holds on V
(ν)
i .
It remains to show that the conditions (iii) and (iv) hold at points in X̂ \(V̂1∪· · ·∪ V̂k) ⊂
Ŵ0. But α ≡ 0 on Ŵ0, so the condition (iii) holds for R > R0 (or even R > 0) and we
have η− (dist gˆ(·, Z)) ≤ α. Moreover, on Ŵ0, we have
dist gˆ(·, Z) ≥ dist gˆ(·, Ŷ ) ≥ dist gˆ(V̂0, X̂ \ Û0) = dist g(V0, X \ U0).
and hence
α = 0 = η+(dist gˆ(·, Z)).
Thus α satisfies the conditions (i)–(iv) (for R > R0) on the entire covering space X̂ . 
5. An SP∞(g, q) function near the singular set
For the proof of Theorem 0.1, Proposition 3.1 allows one to construct a function which,
in a neighborhood of Ŷ , is strongly q-convex away from Ŷsing. In order to modify the
function to be strongly q-convex near the singular set, we will apply the following fact; the
proof of which is the first goal of this section:
Proposition 5.1. Let (X, g) be a connected reduced Hermitian complex space, let q be a
positive integer, let Y be a compact analytic subset of X, let S be a compact analytic subset
of dimension < q in X, let Ω be a relatively compact neighborhood of S in X, let {Dν}mν=1
be relatively compact open subsets of X, and let ρν be a C
∞ strictly plurisubharmonic
function on a neighborhood of Dν for each ν = 1, . . . , m. Then there is a relatively compact
neighborhood Θ of S in Ω, a constant R > 0, and, for every ǫ > 0, an associated δ > 0
such that, for every connected covering space Υ: X̂ → X and for every analytic set Z equal
to a union of irreducible components of Ŷ ≡ Υ−1(Y ), there exists a C∞ function α on X̂
with the following properties relative to the sets Ω̂ = Υ−1(Ω) and Θ̂ = Υ−1(Θ) and the
Hermitian metric gˆ = Υ∗g:
(i) On X̂, 0 ≤ α ≤ R;
(ii) We have suppα ⊂ Ω̂ \N(Z; δ) and α > 0 on Θ̂ \N(Z; ǫ);
(iii) On Θ̂ ∪N(Z; δ), α is of class W∞(gˆ, q);
(iv) On the set
{
p ∈ Θ̂ | α(p) > 0
}
, α is of class SP∞(gˆ, q); and
(v) For each ν = 1, . . . , m, α + Rρν ◦ Υ is C∞ strictly plurisubharmonic on Υ−1(Dν)
and Rα− ρν ◦Υ is of class SP∞(gˆ, q) on a neighborhood of Υ−1(Dν)∩ Θ̂ \N(Z; ǫ).
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Remark. Note that Θ and R do not depend on the choice of ǫ and δ.
Proof. We may assume without loss of generality that Ω ⋐ D1 ∪ · · · ∪ Dm. According to
Theorem 2.4, there exists a nonnegative C∞ function β on X such that supp β ⊂ Ω and
such that, on a neighborhood of the closure of some relatively compact neighborhood Θ
of S in Ω, we have β > 2 and β is of class SP∞(g, q). We may also choose a C∞ function
χ : R → [0,∞) such that χ ≡ 0 on (−∞, 0], χ′ > 0 and χ′′ ≥ 0 on (0,∞), and χ′(1) ≥ 1.
Choosing a constant R0 ≫ 1, we get β ≤ R0, χ(β) ≤ R0, and χ′(β) ≤ R0 on X . Choosing
R1 ≫ 0, we get, for each ν = 1, . . . , m, R1β − ρν is of class SP∞(g, q) on Dν ∩ Θ and
R0β +R1ρν is C
∞ strictly plurisubharmonic on Dν .
Applying Proposition 4.2, we may choose (independently of the choices made in the pre-
vious paragraph) a relatively compact neighborhood Λ of Y in X , a pair of nondecreasing
continuous maps
η− : [0,∞]→ [−∞, 0] and η+ : [0,∞]→ [−∞, 0]
with η− ≤ η+, η+(0) = −∞, and η− > −∞ on (0,∞], and a constant R2 > 0 such that, for
every connected covering space Υ: X̂ → X and for every analytic set Z equal to a union of
irreducible components of Ŷ ≡ Υ−1(Y ), there exists a continuous function γ : X̂ → [−∞, 0]
with the following properties:
(5.1.1) The function γ is of class Q∞Z on X̂;
(5.1.2) We have supp γ ⊂ Λˆ ≡ Υ−1(Λ);
(5.1.3) For each ν = 1, . . . , m, γ +R2 · ρν ◦Υ is of class SP∞Z on Υ−1(Dν);
(5.1.4) For gˆ = Υ∗g, we have
η−(dist gˆ(x, Z)) ≤ γ(x) ≤ η+(dist gˆ(x, Z)) ∀ x ∈ X̂.
Wemay now fix a constant R > max(R0, 2R1) and, given ǫ > 0, we may choose a constant
µ > 0 so small that 2µR1R2 < 2µR0R1R2 < 1, R1 + µR0R2 < R, and µ · η−(ǫ) > −1; and
we may then choose a constant δ ∈ (0, ǫ) so small that µ · η+(δ) < −R0. We will show
that, for Υ: X̂ → X a connected covering space, Z a union of irreducible components of
Ŷ = Υ−1(Y ), and γ : X̂ → [−∞, 0] satisfying (5.1.1)–(5.1.4), the function α given by α ≡ 0
on Z and α = χ(β ◦ Υ + µγ) on X̂ \ Z has the required properties (i)–(v). For this, we
set Ω̂ = Υ−1(Ω), Θ̂ = Υ−1(Θ), βˆ = β ◦ Υ, and, for each ν = 1, . . . , m, D̂ν = Υ−1(Dν) and
ρˆν = ρν ◦Υ on D̂ν .
The choice of χ and R0 guarantee that α is of class C
∞ and 0 ≤ α ≤ χ(βˆ) ≤ R on X̂; as
in (i). We also have βˆ + µγ ≤ 0 on βˆ−1(0)∪N(Z; δ) and βˆ + µγ ≥ βˆ + µη−(ǫ) > 2− 1 > 0
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on Θ̂ \ N(Z; ǫ), so the condition (ii) holds. For each ν = 1, . . . , m, we have, on the set
Θ̂ ∩ D̂ν \ Z,
βˆ + µγ = R−11 · (R1βˆ − ρˆν) + µ · (γ +R2ρˆν) + (R−11 − µR2) · ρˆν .
Since χ′, χ′′ ≥ 0 and α ≡ 0 onN(Z; δ), Lemma 2.5 implies that α satisfies the condition (iii).
Furthermore, since χ′(t) > 0 precisely when χ(t) > 0 (i.e. when t > 0), the condition (iv)
holds.
It remains to verify the condition (v). Given an index ν with 1 ≤ ν ≤ m and a point
p ∈ D̂ν , we may choose a proper local holomorphic model (U,Φ, U ′) such that p ∈ U ⊂ D̂ν
and such that, for some choice of C∞ strictly plurisubharmonic functions τ and ρ on U ′
and some function θ of class SP∞Φ(Z∩U) on U ′, we have R0βˆ + R1ρˆν = τ ◦ Φ, ρˆν = ρ ◦ Φ,
and γ +R2 · ρˆν = θ ◦ Φ on U . In particular, we get the extensions
β0 ≡ R−10 · (τ − R1ρ) and γ0 ≡ θ − R2 · ρ
of βˆ ↾U and γ ↾U , respectively. If p ∈ Θ̂ ∩ D̂ν , then we may also choose the local model
so that U ⊂ Θ̂ and so that, for some function ω ∈ C∞(U ′), we have R1βˆ − ρˆν = ω ◦ Φ on
U and the gˆ-trace of the restriction of Φ∗L(ω) to any q-dimensional subspace of T (1)x U is
positive for each x ∈ U . We then get a second extension β1 ≡ R−11 · (ω + ρ) of βˆ ↾U .
We also have a C∞ extension ϕ of the function (α+Rρˆν) ↾U given by
ϕ =
{
Rρ on Φ(Z ∩ U)
χ(β0 + µγ0) +Rρ on U
′ \ Φ(Z ∩ U)
In particular, ϕ = Rρ near Φ(Z∩U) and hence ϕ is strictly plurisubharmonic near Φ(Z∩U).
For each point x ∈ Φ(U \ Z) and each nonzero tangent vector v ∈ T 1,0x U ′, we have
L(ϕ)(v, v) ≥ χ′ [β0(x) + µγ0(x)] · L(β0 + µγ0)(v, v) +R · L(ρ)(v, v).
Hence L(ϕ)(v, v) > 0 if L(β0 + µγ0)(v, v) ≥ 0. If L(β0 + µγ0)(v, v) < 0, then, since
0 ≤ χ′(β0(x) + µγ0(x)) ≤ χ′(β0(x)) ≤ R0, we get
L(ϕ)(v, v) ≥ R0 · L(β0 + µγ0)(v, v) +R · L(ρ)(v, v)
= R0 · L
(
R−10 · (τ − R1ρ) + µ · (θ − R2 · ρ)
)
(v, v) +R · L(ρ)(v, v)
= L(τ)(v, v) + µR0 · L(θ)(v, v) + (R− R1 − µR0R2) · L(ρ)(v, v)
> 0.
It follows that ϕ is strictly plurisubharmonic on a neighborhood of Φ(U).
If p ∈ Θ̂ ∩Dν , ψ is the C∞ extension of the function (Rα − ρˆν) ↾U\Z to U ′ \ Φ(Z ∩ U)
given by ψ ≡ R ·χ(β1+µγ0)−ρ, y ∈ U \Z, x = Φ(y), e1, . . . , eq ∈ T (1)y X are orthonormal,
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and vj = Φ∗ej for j = 1, . . . , q, then
q∑
j=1
L(ψ)(vj, vj) ≥ R · χ′
(
βˆ(y) + µγ(y)
)
·
q∑
j=1
L(β1 + µγ0)(vj , vj)−
q∑
j=1
L(ρ)(vj , vj)
= RR−11 · χ′
(
βˆ(y) + µγ(y)
)
·
q∑
j=1
L(ω)(vj , vj)
+ µR · χ′
(
βˆ(y) + µγ(y)
)
·
q∑
j=1
L(θ)(vj , vj)
+
[
R(R−11 − µR2) · χ′
(
βˆ(y) + µγ(y)
)
− 1
]
·
q∑
j=1
L(ρ)(vj, vj)
We have R−11 −µR2 = R−11 (1−µR1R2) > (2R1)−1. If y ∈ U \N(Z; ǫ), then βˆ(y)+µγ(y) >
2 + µ · η−(ǫ) > 1 and hence
R(R−11 − µR2) · χ′(βˆ(y) + µγ(y))− 1 > (R/(2R1))− 1 > 0.
Thus
∑L(ψ)(vj , vj) > 0 for any choice of y in a small neighborhood of U \ N(Z; ǫ) and
hence α and R satisfy the condition (v). 
Combining Proposition 3.1 and Proposition 5.1, we get the following:
Proposition 5.2. Let (X, g) be a connected reduced Hermitian complex space; let q be a
positive integer; let Y be a compact analytic set of dimension ≤ q; let C and S be analytic
subsets of Y such that C is a union of irreducible components of Y , dimS < q, S contains
Ysing as well as every irreducible component of Y of dimension < q, and Y \ (C ∪ S)
is Stein; let {Dν}mν=1 be relatively compact open subsets of X; let ρν be a C∞ strictly
plurisubharmonic function on a neighborhood of Dν for each ν = 1, . . . , m; and let ǫ > 0.
Then, for every choice of constants δ1, δ2, δ3, and δ4 with ǫ ≫ δ4 ≫ δ3 ≫ δ2 ≫ δ1 > 0
(i.e. one must choose δ4 sufficiently small relative to ǫ, δ3 sufficiently small relative to
δ4, and so on), there exists a neighborhood Ω of Y in X such that, for every connected
covering space Υ: X̂ → X, for every analytic set Z which is equal to a union of irreducible
components of Ŷ ≡ Υ−1(Y ) and which contains Ĉ = Υ−1(C) as well as every q-dimensional
compact irreducible component of Ŷ (i.e. Z contains every compact irreducible component
of Ŷ not contained in Ŝ = Υ−1(S)), and for every positive continuous function θ on X̂,
there exists a nonnegative C∞ function α on X̂ with the following properties relative to the
Hermitian metric gˆ = Υ∗g, the sets Ω̂ = Υ−1(Ω) and D̂ν = Υ
−1(Dν) for ν = 1, . . . , m, and
the functions ρˆν = ρν ◦Υ: D̂ν → R for ν = 1, . . . , m:
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(i) On N(Z; δ1) ∩ Ω̂, α ≡ 0;
(ii) On
(
Ω̂ \N(Z; δ2)
)
∪
(
Ω̂ \
[
N(Ŝ; δ2) ∪N(Z; δ1)
])
, α > 0;
(iii) On N(Ŝ; δ3) ∩ Ω̂, α is of class W∞(gˆ, q);
(iv) On
{
p ∈ N(Ŝ; δ3) ∩ Ω̂ | α(p) > 0
}
, α is of class SP∞(gˆ, q);
(v) For each ν = 1, . . . , m, the function α− ρˆν is of class SP∞(gˆ, q) on a neighborhood
of N(Ŝ; δ3) ∩ D̂ν ∩ Ω̂ \N(Z; δ2);
(vi) For each ν = 1, . . . , m, the function α− ρˆν is C∞ strongly q-convex on a neighbor-
hood of D̂ν ∩ Ω̂ \
[
N(Ŝ; δ2) ∪N(Z; δ1)
]
;
(vii) On Ω̂ \
[
N(Ŝ; δ4) ∪N(Z; δ1)
]
, α > θ; and
(viii) On
{
p ∈ Ω̂ | α(p) > 0
}
, α is C∞ strongly q-convex.
Proof. Wemay assume without loss of generality that Y ⊂ Θ0 ⋐ D1∪· · ·∪Dm for some open
set Θ0. We will also assume that Y \(C∪S) 6= ∅, since the proof for Y ⊂ C∪S is similar (but
easier). Applying Proposition 5.1, we get a relatively compact neighborhood Θ1 of S in Θ0,
a constant R0 > 1, and, for every η > 0, an associated δ > 0 such that, for every connected
covering space Υ: X̂ → X and for every analytic set Z equal to a union of irreducible
components of Ŷ ≡ Υ−1(Y ), there exists a nonnegative C∞ function β on X̂ with the
following properties relative to the Hermitian metric gˆ = Υ∗g, the sets Θ̂j = Υ
−1(Θj) for
j = 0, 1 and D̂ν = Υ
−1(Dν) for ν = 1, . . . , m, and the functions ρˆν = ρν ◦ Υ: D̂ν → R for
ν = 1, . . . , m:
(5.2.1) We have supp β ⊂ Θ̂0 \N(Z; δ) and β > 0 on Θ̂1 \N(Z; η);
(5.2.2) On Θ̂1 ∪N(Z; δ), β is of class W∞(gˆ, q);
(5.2.3) On the set
{
p ∈ Θ̂1 | β(p) > 0
}
, β is of class SP∞(gˆ, q); and
(5.2.4) For each ν = 1, . . . , m, β+R0ρˆν is C
∞ strictly plurisubharmonic on D̂ν and β− ρˆν
is of class SP∞(gˆ, q) on a neighborhood of D̂ν ∩ Θ̂1 \ N(Z; η) (in the notation of
Proposition 5.1, β = Rα and R0 = R
2).
We may now choose constants ξ, δ2, δ3, δ4 and open sets Θ2, Ω1, . . . ,Ω4 with the following
properties:
(5.2.5) We have 0 < 2ξ < δ2 < δ3 < δ4 < min [ǫ, dist (Y,X \Θ0), dist (S,X \Θ1)];
(5.2.6) We have Ω4 ⋐ · · · ⋐ Ω1 ⋐ Θ0 \ (C ∪ S);
(5.2.7) For each connected component A of Y \ (C ∪ S) and each j = 1, . . . , 4, the set
Ωj ∩A is nonempty and connected, Ωj ∩ A = Ωj ∩ A, and
π1(Ωj ∩A)։ im
[
π1(A)→ π1(A¯)
]
;
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(5.2.8) Y \ (C ∪ S) ⊂ Θ2 ⊂ Θ0 \ (C ∪ S), Θ2 \ N(S; δ4) ⊂ Ω4, Ω3 ∩ N(C ∪ S; 2δ3) = ∅,
Θ2 \N(S; δ2) ⊂ Ω2, and Ω1 ∩N(C ∪ S; 2ξ) = ∅;
(5.2.9) For any connected covering space X̂ and any analytic set Z ⊂ X̂ as above, we may
form a function β with the properties (5.2.1)–(5.2.4) for η = δ2 and δ = ξ.
Note that we obtain the above sets and constants by choosing them in the order: δ4, Ω4,
Ω3, δ3, δ2, Ω2, Ω1, ξ, Θ2. To get the surjection of fundamental groups in (5.2.7), we choose
Ω4 sufficiently large and apply standard facts (see, for example, Lemma 2 of [Fra]). To get
ξ to satisfy (5.2.9), we need only choose η so that 0 < η ≤ δ2 and Ω1 ∩ N(C ∪ S; η) = ∅,
and then choose ξ to be an associated δ as in (5.2.1)–(5.2.4) with 0 < 2ξ < η. To get the
condition (5.2.8), we first choose the constants ξ, δ2, δ3, δ4 and the sets Ωi for i = 1, . . . , 4
so that (5.2.8) holds with Y \ (C ∪S) in place of Θ2, and we then choose the neighborhood
Θ2 sufficiently small.
For each connected component Y ′ of Y \(C∪S), we may form a connected neighborhood
X ′ in Θ2 with X ′ ⊂ Θ2 ∪ S and π1(Y ′) ։ im [π1(X ′)→ π1(X)]. We may also form a
neighborhood Ξ′ of Y ′ in X ′ and open sets Ω′1, . . . ,Ω
′
4 with
X ′ ⋑ Ω′1 ⋑ · · · ⋑ Ω′4 and Ω′j ∩ Ξ′ = Ωj ∩ Ξ′ for j = 1, . . . , 4.
By applying Proposition 3.1, we get a corresponding neighborhood as in part (b) (of
Proposition 3.1) which we may take to be contained in Ξ′ (note that X ′ is chosen so
that each component X̂ ′ of the lifting in any covering space of X will contain exactly one
component Ŷ ′ of the lifting of Y ′, so the proposition may be applied to the covering space
X̂ ′ → Ŷ ′ whenever this restricted covering is infinite).
Taking the union of the (finitely many) resulting neighborhoods of all of the connected
components of Y \ (C ∪ S) (which we may take to be disjoint), we get a neighborhood Θ3
of Y \ (C ∪ S) in Θ2 and an open subset B of Θ3 such that Θ3 ⊂ Θ2 ∪ S, each connected
component Θ′ of Θ3 meets (hence contains) exactly one connected component Y
′ of Y \
(C ∪ S) and satisfies
π1(Y
′)։ im [π1(Θ
′)→ π1(X)] ,
and, for every connected covering space Υ: X̂ → X and every positive continuous function
θ on X̂ , there is a nonnegative C∞ function γ on the union Γ0 of all of the connected
components of Θ̂3 = Υ
−1(Θ3) which meet (hence contain) a connected component of
Υ−1 (Y \ (C ∪ S)) which is not relatively compact in X̂ such that, if Ω̂j = Υ−1(Ωj) for
j = 1, 2, 3, 4, then
(5.2.10) On Γ0 \ Ω̂1, γ ≡ 0;
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(5.2.11) On Ω̂2 ∩ Γ0, γ > 0;
(5.2.12) There is a nonnegative function γ0 ∈ W∞(g, q)(Θ3 \ Ω4) such that γ = γ0 ◦ Υ on
Γ0 \ Ω̂3 and γ0 is of class SP∞(g, q) on
{
x ∈ Θ3 \ Ω4 | γ0(x) > 0
} ⊃ Ω2 ∩Θ3 \ Ω4;
(5.2.13) We have B = (Ω3∩Θ3)∪{ x ∈ Θ3 \ Ω3 | γ0(x) > 0 } ⊃ Ω2∩Θ3 and, for B̂ = Υ−1(B),
we have
B̂ ∩ Γ0 = {x ∈ Γ0 | γ(x) > 0 }
and, for any C∞ function τ with compact support in B, the function R · γ + τ ◦Υ
will be C∞ strongly q-convex on B̂∩Γ0 for every sufficiently large positive constant
R; and
(5.2.14) On Ω̂4 ∩ Γ0, γ > θ.
Finally, we may choose a constant δ1 such that 0 < δ1 < ξ, dist (Θ3 \N(S; ξ), C) > δ1,
and dist (Y \ (N(S; ξ) ∪ C), X \Θ3) > δ1.
We will now show that any relatively compact neighborhood Ω of Y in the neighborhood
Ω0 ≡ N(Y ; δ1)∩ [Θ3 ∪N(C ∪ S; δ1)] and the constants δ1, δ2, δ3, and δ4 have the required
properties. For this, suppose Υ: X̂ → X is a connected covering space, θ is a positive
continuous function on X̂, Z is a union of irreducible components of Ŷ = Υ−1(Y ) which
contains Ĉ = Υ−1(C) as well as every q-dimensional compact irreducible component of Ŷ ,
gˆ = Υ∗g, Θ̂i = Υ
−1(Θi) for i = 0, 1, 2, 3, Ω̂i = Υ
−1(Ωi) for i = 0, 1, 2, 3, 4, Ω̂ = Υ
−1(Ω), and
ρˆν = ρν◦Υ on D̂ν ≡ Υ−1(Dν) for ν = 1, . . . , m. We will assume that the covering is infinite,
since the proof for a finite covering is similar (but easier). We may also assume that θ is
an exhaustion function (since we may replace θ by an exhaustion function which is greater
than θ). In the above notation, we may form a nonnegative C∞ function β on X̂ satisfying
the conditions (5.2.1)–(5.2.4) with η = δ2 and δ = ξ, and we may form a nonnegative C
∞
function γ on Γ0 ⊂ Θ̂3 satisfying the conditions (5.2.10)–(5.2.14). Observe that, for B and
B̂ = Υ−1(B) as in (5.2.13), we have Ω ∩Θ3 \N(S; δ2) ⋐ U ⋐ Ω2 ∩Θ3 ⊂ B for some open
set U . For, if p ∈ Ω ∩Θ3 \N(S; δ2), then dist (p, x) < δ1 for some point x ∈ Y and we get
dist (x, S) > δ2 − δ1 > ξ. Since δ1 < dist (Θ3 \N(S; ξ), C), we also have x 6∈ C. Thus
Ω ∩Θ3 \N(S; δ2) ⊂ N(Y \ [N(S; ξ) ∪ C] ; δ1) \N(S; δ2) ⋐ Θ3 \N(S; δ2) ⊂ Ω2 ∩Θ3.
Setting Û = Υ−1(U), we see that, by replacing γ with a large multiple, we may assume
that γ − (R0 + 1) · ρˆν is C∞ strongly q-convex on D̂ν ∩ Û ∩ Γ0 for ν = 1, . . . , m.
Let Γ ⊂ Γ0 be the union of all of the connected components of Θ̂3 which meet (hence
contain) a connected component of Ŷ \ (Z ∪ Ŝ). Observe that we get a well-defined
nonnegative C∞ function ζ on Ω̂0 by setting ζ = β + γ on Γ ∩ Ω̂0 and β elsewhere in Ω̂0.
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For
Ω̂0 ∩ ∂Γ ⊂ N(Ŷ ; δ1) ∩
[
Θ̂3 ∪N(Ĉ ∪ Ŝ; δ1)
]
∩ ∂Θ̂3 = N(Ĉ ∪ Ŝ; δ1) ∩ ∂Θ̂3.
Since γ ≡ 0 on Γ0 \ Ω̂1 ⊃ N(Ĉ ∪ Ŝ; δ1) ∩ Γ0, we see that ζ is C∞. Cutting off, we get a
nonnegative C∞ function α on X̂ with α = ζ on Ω̂.
In order to verify the properties (i)–(viii), we first observe that we have the following:
Ω̂ ⊂ N(Ŷ ; δ1) ⊂ N(Ŝ; 2ξ) ∪ Γ ∪N(Z; δ1) and Γ ∩N(Z; δ1) ⊂ N(Ŝ; 2ξ).
For, given x ∈ N(Ŷ ; δ1) \N(Ŝ; 2ξ), we may fix a point y ∈ Ŷ with dist (x, y) < δ1. Hence
dist
(
y, Ŝ
)
> 2ξ−δ1 > ξ. If y ∈ Ĉ ⊂ Z, then, since dist
[
Θ̂3 \N(Ŝ; ξ), Ĉ
]
> δ1, we get x ∈
N(Z; δ1)\ Θ̂3 ⊂ N(Z; δ1)\Γ. If y /∈ Ĉ, then, since dist
[
Ŷ \
(
N(Ŝ; ξ) ∪ Ĉ
)
, X̂ \ Θ̂3
]
> δ1,
a piecewise C∞ path from y to x of length < δ1 must lie entirely in the connected component
V of Θ̂3 containing y. Thus either y ∈ Z, in which case x ∈ N(Z; δ1) and x ∈ V ⊂ Θ̂3 \ Γ;
or y /∈ Z, in which case x ∈ V ⊂ Γ.
Verification of (i). The condition (i) holds because γ ≡ 0 on Γ\Ω̂1 ⊃ Γ∩N(Ĉ ∪ Ŝ; 2ξ) ⊃
Γ ∩N(Z; δ1) and β ≡ 0 on N(Z; ξ) ⊃ N(Z; δ1).
Verification of (ii). We have α ≥ β > 0 on Θ̂1 ∩ Ω̂ \ N(Z; δ2) and α ≥ γ > 0 on
Ω̂2∩Γ∩ Ω̂ ⊃ Γ∩ Ω̂\N(Ŝ; δ2) ⊃ Γ∩ Ω̂ \N(Ŝ; δ4) ⊃ Γ∩ Ω̂\ Θ̂1. On the other hand, we have
Ω̂ \
(
Γ ∪ Θ̂1
)
⊂ Ω̂ \
(
Γ ∪N(Ŝ; δ2)
)
⊂ Ω̂ \
(
Γ ∪N(Ŝ; 2ξ)
)
⊂ N(Z; δ1).
That (ii) holds now follows.
Verification of (iii). From (5.2.2), we see that β is of classW∞(gˆ, q) on Θ̂1 ⊃ N(Ŝ; δ3);
and from (5.2.8) and (5.2.12), we see that γ is of class W∞(gˆ, q) on Γ\ Ω̂3 ⊃ Γ∩N(Ŝ; 2δ3).
It follows that the condition (iii) holds.
Verification of (iv). Suppose p ∈ N(Ŝ; δ3) ∩ Ω̂ with α(p) = ζ(p) > 0. If β(p) > 0,
then β is of class SP∞(gˆ, q) near p (by (5.2.3)) and hence, since γ is of class W∞(gˆ, q) on
Γ∩N(Ŝ; δ3), we see that α is of class SP∞(gˆ, q) near p. If β(p) = 0, then we have γ(p) > 0
and
p ∈ N(Ŝ; δ3) ∩ Ω̂ ∩ Γ ⊂ Θ̂1 ∩ Γ0 \ Ω̂3.
Thus, near p, γ = γ0 ◦ Υ is of class SP∞(gˆ, q) and β is of class W∞(gˆ, q), and hence α is
again of class SP∞(gˆ, q) near p.
Verification of (v). Given ν ∈ {1, . . . , m}, the function β − ρˆν is of class SP∞(gˆ, q)
on a neighborhood of D̂ν ∩ Θ̂1 \N(Z; δ2) ⊃ N(Ŝ; δ3)∩ D̂ν ∩ Ω̂\N(Z; δ2). Since γ is of class
W∞(gˆ, q) on Γ ∩N(Ŝ; δ3), the condition (v) holds.
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Verification of (vi). Given ν ∈ {1, . . . , m}, we have
Ω̂ ∩ D̂ν \
[
N(Ŝ; δ2) ∪N(Z; δ1)
]
⊂ Γ ∩ Û ∩ Ω̂ ∩ D̂ν .
Moreover, on Γ∩ Û ∩ Ω̂∩ D̂ν , we have α− ρˆν = (β+R0ρˆν)+ (γ− (R0+1) · ρˆν); the sum of
a C∞ strictly plurisubharmonic function and a C∞ strongly q-convex function. Thus we
get the property (vi).
Verification of (vii). We have
Ω̂ \
[
N(Ŝ; δ4) ∪N(Z; δ1)
]
⊂ Γ ∩ Ω̂ \N(Ŝ; δ4) ⊂ Γ ∩ Ω̂ ∩ Ω̂4.
Therefore, on this set, we have α ≥ γ > θ.
Verification of (viii). Recall that we extended the list of functions {ρν} so that
Ω̂ ⋐ Θ0 ⋐ D1 ∪ · · · ∪Dm. Hence the conditions (i), (iv), and (vi) give (viii). 
6. A uniformly quasi-plurisubharmonic exhaustion function
To obtain the desired exhaustion function, we will add to the function produced in
Proposition 5.2 an exhaustion function which is uniformly quasi-plurisubharmonic and
which is locally constant near the compact irreducible components of the lifting of the
compact analytic set. Such a function is produced in the following proposition which is
the main goal of this section:
Proposition 6.1. Let (X, g) be a connected reduced Hermitian complex space, let Y be a
compact analytic subset of X, and, for each ν = 1, . . . , m, let Dν be a relatively compact
open subset of X and let ρν be a C
∞ strictly plurisubharmonic function on a neighborhood
of Dν . Then there exist constants R > 0 and δ > 0 such that, for every η > 0, for
every set E ⊂ R with |s − t| ≥ 4η for all s, t ∈ E with s 6= t, for every set F ⊂ R with
[0,∞) ⊂ NR(F ; η), for every connected covering space Υ: X̂ → X, and for every analytic
set Z which is equal to a union of irreducible components of Ŷ = Υ−1(Y ) and which has
only compact connected components, there exists a C∞ positive exhaustion function τ on X̂
with the following properties:
(i) The function τ + R · (1 + η) · ρν ◦ Υ is C∞ strictly plurisubharmonic on Υ−1(Dν)
for ν = 1, . . . , m;
(ii) For gˆ = Υ∗g, τ is locally constant on Ngˆ(Z; δ); and
(iii) We have τ(Z) ⊂ F \NR(E; η).
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Lemma 6.2. Let η > 0, let E ⊂ R with |s − t| ≥ 4η for all s, t ∈ E with s 6= t, and let
F ⊂ R with [0,∞) ⊂ NR(F ; η). Then, for each a ∈ [0,∞), there exists a number b ∈ [0, 6η)
such that a+ b ∈ F \NR(E; η).
Proof. For some c ∈ F , we have |a+ η− c| < η and hence a < c < a+2η. If c /∈ NR(E; η),
then we may set b = c − a. If |c− t| < η for some t ∈ E, then t + 2η > 0 and hence, for
some d ∈ F , we have |t+ 2η − d| < η. It follows that d /∈ NR(E; η), since η < |t− d| and,
for each s ∈ E \ {t}, |s− d| ≥ |s− t| − |t− d| > 4η − 3η = η. Moreover,
a ≤ c < t+ η < d < t + 3η < c + 4η < a + 6η.
Thus b = d− a has the required properties. 
Lemma 6.3. Let {sν} and {tν} be sequences of nonnegative numbers with tν → ∞ as
ν →∞. Then there exists a Lipschitz continuous function χ on R such that
(i) We have χ > 2 and 0 ≤ χ′ ≤ 1/2;
(ii) We have χ(t)→∞ as t→∞;
(iii) For all s, t ∈ R with |s− t| < 1, we have χ(s) < 2 · χ(t); and
(iv) For all ν ∈ N and all t ∈ R with tν − 1 < t < sν + tν + 1, we have
4−1 · χ(t) < χ(tν) < 4 · χ(t).
Proof. Reordering if necessary, we may assume without loss of generality that {tν} is
nondecreasing. We may choose a subsequence
{
tνj
}∞
j=1
such that tν1 = t1 and such that,
for each j > 1, tνj > sν + tν for all ν ≤ νj−1 and tνj > tνj−1 + 2. We now let χ be
the piecewise linear continuous function for which χ ≡ 3 on (−∞, tν1] and, for j > 1,
χ(tνj ) = j + 2 and χ
′′ ≡ 0 on (tνj−1 , tνj).
For each ν, there is a unique index j with tν ∈ [tνj−1 , tνj ) and hence j+1 ≤ χ(tν) < j+2.
If sν + tν ≤ tνj , then
χ(sν + tν) ≤ χ(tνj ) = j + 2 ≤
j + 2
j + 1
χ(tν).
Suppose sν + tν > tνj . Since tν < tνj , we have ν < νj and, therefore, tνj+1 > sν + tν by the
choice of tνj+1 . Thus
χ(sν + tν) ≤ χ(tνj+1) = j + 3 ≤
j + 3
j + 1
χ(tν).
Thus χ(sν + tν) ≤ 2χ(tν) for each ν.
Since χ is piecewise linear, for each j > 1 and each t ∈ (tνj−1, tνj ), we have
χ′(t) =
1
tνj − tνj−1
<
1
2
.
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So (i) holds.
If |s− t| < 1, then, since χ > 2 and 0 ≤ χ′ ≤ 1/2, we have
χ(s) ≤ χ(t + 1) ≤ χ(t) + 1
2
< 2 · χ(t).
Hence (iii) holds.
Finally, if ν ∈ N and t ∈ (tν − 1, sν + tν + 1), then |s− t| < 1 for some s ∈ [tν , sν + tν ].
Therefore, by the above,
1
2
· χ(t) < χ(s) ≤ χ(sν + tν) ≤ 2 · χ(tν)
and
χ(tν) ≤ χ(s) < 2 · χ(t).
The property (iv) now follows. 
Proof of Proposition 6.1. We may fix a nonempty relatively compact neighborhood Ω of
Y containing Dν for ν = 1, . . . , m. According to Proposition 1.1, there exists a Hermitian
metric g′ ≥ g on X such that g′ = g on Ω and x 7→ dist g′(x, p) is an exhaustion function.
If we find a δ > 0 which works for this metric g′ and which satisfies δ < dist g(Y,X \Ω) ≤
dist g′(Y,X \ Ω), then the δ-neighborhoods in coverings of liftings of subsets of Y will be
the same for both metrics and hence this δ will also work for the metric g. Thus we may
assume without loss of generality that x 7→ dist g(x, p) is an exhaustion function for each
point p ∈ X .
We may first choose δ0 > 0 such that δ0 < 1, δ0 < dist g(Y,X \ Ω), and, for each point
p ∈ Ω, Bg(p, δ0) is contained in some contractible open set. According to Lemma 1.3, we
may also choose δ0 so that any two disjoint irreducible components of the lifting of Y to a
connected covering space are of distance > δ0 with respect to the lifting of g. We may now
choose a number δ with 0 < δ < δ0/4, a covering V1, . . . , Vk of Ω by finitely many relatively
compact connected open subsets of X each of which is of diameter < δ and meets Ω, and
nonnegative C∞ functions {αi}ki=1 such that suppαi ⊂ Vi for each i and
∑
αi ≡ 1 on a
neighborhood Θ of Ω in X .
Suppose now that η > 0, E ⊂ R with |s − t| ≥ 4η for all s, t ∈ E with s 6= t, F ⊂ R
with [0,∞) ⊂ NR(F ; η), Υ: X̂ → X is a connected covering space, Z is an analytic
subset of X which is equal to a union of irreducible components of Ŷ = Υ−1(Y ) and
which has only compact connected components, and gˆ = Υ∗g. Fixing a point O ∈ X ,
Lemma 1.2 implies that the function r : x 7→ dist gˆ(x,O) is an exhaustion function. In
order to produce the function τ , we may assume that the covering is infinite since, for a
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finite covering, an exhaustion function which is equal to a suitable constant on the lifting
of Ω will work. Let {Zσ}σ∈S be the distinct connected components of Z. Observe that
Ngˆ(Ŷ ; δ0) ⊂ Ω̂ ≡ Υ−1(Ω).
By the choice of δ0 and δ, each of the compact sets V i is contained in a contractible open
set and is therefore evenly covered by Υ. For each i, we let
{
V
(ν)
i
}∞
ν=1
be the connected
components of V̂i = Υ
−1(Vi). The collection
{
V
(ν)
i
}
is locally finite in X̂ and (again, by the
choice of δ0 and δ) each set V
(ν)
i is of diameter < δ (with respect to the metric dist gˆ(·, ·)).
For each i = 1, . . . , k and each ν = 1, 2, 3, . . . , we define the nonnegative C∞ function α
(ν)
i
with compact support in V
(ν)
i by
α
(ν)
i (x) =
{
αi(Υ(x)) if x ∈ V (ν)i
0 if x ∈ X̂ \ V (ν)i
We have
∑
i,ν α
(ν)
i ≡ 1 on the set Θ̂ = Υ−1(Θ). By Lemma 6.3, there exists a Lipschitz
continuous function χ : R → R such that χ > 2, 0 ≤ χ′ ≤ 1/2, χ(t) → ∞ as t → ∞,
χ(s) < 2 · χ(t) whenever s, t ∈ R with |s− t| < 1, and
1
4
· χ(t) < χ[dist gˆ(O,Zσ)] < 4 · χ(t)
whenever σ ∈ S and dist gˆ(O,Zσ) − 1 < t < diam gˆ(Zσ) + dist gˆ(O,Zσ) + 1. Finally, for
each σ ∈ S, let Mσ be the set of pairs of indices (i, ν) such that 1 ≤ i ≤ k, ν ∈ N,
and V
(ν)
i ∩ Ngˆ(Zσ; δ) 6= ∅. We also let M be the set of pairs of indices (i, ν) such that
1 ≤ i ≤ k, ν ∈ N, and V (ν)i ∩ Ngˆ(Z; δ) = ∅. Observe that the sets {Mσ} are mutually
disjoint and disjoint from M . For, if V
(ν)
i meets Ngˆ(Zσ; δ) and Ngˆ(Zσ′ ; δ), then, since
diam gˆ
(
V
(ν)
i
)
< δ < δ0/4, we have dist gˆ(Zσ, Zσ′) < δ0. Hence Zσ ∩Zσ′ 6= ∅ and, therefore,
σ = σ′.
We may now define a C∞ function α on X̂ by
α =
∑
σ∈S
∑
(i,ν)∈Mσ
α
(ν)
i · χ
[
dist gˆ(O,Zσ)
]
+
∑
(i,ν)∈M
α
(ν)
i · χ
[
dist gˆ
(
O, V
(ν)
i
)]
.
We note that the previous remarks imply that the above sum is locally finite. Moreover,
each pair (i, ν) appears exactly once and we have α > 2 on Θ̂ = Υ−1(Θ). We will show
that the function β = logα on Θ̂ has the following properties:
(6.1.1) On the δ-neighborhood Ngˆ(Z; δ) ⊂ Ω̂ = Υ−1(Ω) of Z, β is locally constant;
(6.1.2) The function β exhausts Ω̂; and
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(6.1.3) There is a constant R0 > 0 which is independent of the choice of the covering space
X̂ and of the analytic subset Z and for which the function β + R0 · ρν ◦ Υ is C∞
strictly plurisubharmonic on Υ−1(Dν) for ν = 1, . . . , m.
For the property (6.1.1), we need only observe that, for each σ ∈ S, we have α(ν)i ≡ 0
on Ngˆ(Zσ; δ) for each (i, ν) 6∈Mσ. Thus, on N(Zσ; δ),
α =
∑
(i,ν)∈Mσ
α
(ν)
i · χ
[
dist gˆ(O,Zσ)
]
≡ χ
[
dist gˆ(O,Zσ)
]
.
For (6.1.2), we first observe that, for each index σ ∈ S, each pair (i, ν) ∈ Mσ, and each
point x ∈ V (ν)i , we have
dist gˆ(O,Zσ)− 2δ < r(x) = dist gˆ(O, x) < diam gˆ(Zσ) + dist gˆ(O,Zσ) + 2δ.
For each pair (i, ν) ∈M and each point x ∈ V (ν)i , we have
dist gˆ(O, V
(ν)
i ) < r(x) < dist gˆ(O, V
(ν)
i ) + δ.
Therefore, by the choice of χ, we have 4−1 · χ(r) ≤ α ≤ 4 · χ(r) on Θ̂. In particular, α and
β exhaust Ω̂, so the property (6.1.2) holds.
Given a point p ∈ Θ, we may choose a proper local holomorphic model (U,Φ, U ′), a
Hermitian metric g′ on U ′, C∞ functions {α′i}ki=1 on U ′, and a constant A > 0 such that
p ∈ U ⊂ Θ, Φ∗g′ = g on U , and, for each i = 1, . . . , k, Φ∗α′i = αi on U , and |dα′i|g′ ≤ A
and −A · g′ ≤ L(α′i) ≤ A · g′ on U ′. We may also assume that there is a constant B > 0
such that, whenever U ∩ Dν 6= ∅, there is a C∞ strictly plurisubharmonic function ρ′ν on
U ′ with ρν = ρ
′
ν ◦ Φ on U and B · L(ρ′ν) ≥ (16kA+ 256k2A2 + 1) · g′ on U ′.
For each point a ∈ Û ≡ Υ−1(U), there is a finite set N of pairs of indices (i, ν) such
that a ∈ V (ν)i if and only if (i, ν) ∈ N . In particular, for distinct elements (i, ν), (j, µ) ∈ N ,
we have i 6= j; so #N ≤ k. Thus, on some relatively compact neighborhood W of a in⋂
(i,ν)∈N V
(ν)
i ∩ Û , we have
α =
∑
σ∈S
∑
(i,ν)∈N∩Mσ
α
(ν)
i · χ
[
dist gˆ(O,Zσ)
]
+
∑
(i,ν)∈N∩M
α
(ν)
i · χ
[
dist gˆ
(
O, V
(ν)
i
)]
.
Setting Ψ = Φ ◦Υ ↾W and
α′ =
∑
σ∈S
∑
(i,ν)∈N∩Mσ
α′i · χ
[
dist gˆ(O,Zσ)
]
+
∑
(i,ν)∈N∩M
α′i · χ
[
dist gˆ
(
O, V
(ν)
i
)]
∈ C∞(U ′),
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we get Ψ∗α′ = α and Ψ∗g′ = gˆ on W and, for each point z = Ψ(x) with x ∈ W , we have
|(dα′)z|g′ =
∣∣∣∣∣∣
∑
σ∈S
∑
(i,ν)∈N∩Mσ
(dα′i)z · χ
[
dist gˆ(O,Zσ)
]
+
∑
(i,ν)∈N∩M
(dα′i)z · χ
[
dist gˆ
(
O, V
(ν)
i
)]∣∣∣∣∣∣
g′
≤
∑
σ∈S
∑
(i,ν)∈N∩Mσ
|(dα′i)z|g′ · χ
[
dist gˆ(O,Zσ)
]
+
∑
(i,ν)∈N∩M
|(dα′i)z|g′ · χ
[
dist gˆ
(
O, V
(ν)
i
)]
≤
∑
σ∈S
∑
(i,ν)∈N∩Mσ
|(dα′i)z|g′ · 4 · χ(r(x)) +
∑
(i,ν)∈N∩M
|(dα′i)z|g′ · 4 · χ(r(x))
≤ 4kA · χ(r(x)).
Similarly, for each point z = Ψ(x) with x ∈ W and each tangent vector v ∈ T (1,0)z U ′, we
have
|L(α′)(v, v)| ≤ 4kA · |v|2g′ · χ(r(x)).
Setting β ′ = logα′, we get β = β ′ ◦Ψ on W and, for each point z = Ψ(x) with x ∈ W and
each tangent vector v ∈ T (1,0)z U ′, we get
L(β ′)(v, v) = 1
α(x)
· L(α′)(v, v)− 1
(α(x))2
|∂α′(v)|2
≥ −4kA · χ(r(x))
α(x)
· |v|2g′ −
16k2A2 · (χ(r(x)))2
(α(x))2
· |v|2g′
≥ − (16kA+ 256k2A2) · |v|2g′.
Hence, whenever U ∩Dν 6= ∅, the function β ′+Bρ′ν will be strictly plurisubharmonic on a
neighborhood of Ψ(W ) in U ′ and will satisfy β+Bρν ◦Υ = (β ′+Bρ′ν)◦Ψ on W . Covering
Ω by finitely many such neighborhoods U , we see that we may choose a constant R0 > 0
so that the property (6.1.3) holds for all covering spaces X̂ and all choices of Z.
We now modify β to get a function with values in F \ NR(E; η) on Z. According to
Lemma 6.2, for each σ ∈ S, we may choose a number bσ ∈ [0, 6η) such that
cσ = log (χ [dist gˆ(O,Zσ)]) + bσ ∈ F \NR(E; η).
We may then define a C∞ function γ on X̂ by the locally finite sum
γ =
∑
σ∈S
∑
(i,ν)∈Mσ
α
(ν)
i · bσ.
Easier versions of the previous arguments show that γ ≡ bσ onNgˆ(Z; δ) ⊂ Ω̂ for each σ ∈ S,
and, for some constant R1 > 0 independent of the choice of the covering X̂
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Z, and the number η, the function γ+R1η ·ρν ◦Υ will be C∞ strictly plurisubharmonic on
Υ−1(Dν) for ν = 1, . . . , m. Setting R = max(R0, R1), it now follows that any positive C
∞
exhaustion function τ on X which is equal to β + γ on Ω̂ has the required properties. 
7. The main result
Theorem 0.1 is an immediate consequence of the following theorem which is proved in
this section:
Theorem 7.1. Let (X, g) be a connected reduced Hermitian complex space; let q be a
positive integer; let Y be a compact analytic subset of dimension ≤ q; let C and S be
analytic subsets of Y such that C is a union of irreducible components of Y , dimS < q, S
contains Ysing as well as every irreducible component of Y of dimension < q, and Y \(C∪S)
is Stein; let {Dν}mν=1 be relatively compact open subsets of X; let ρν be a C∞ strictly
plurisubharmonic function on a neighborhood of Dν for each ν = 1, . . . , m; and let ǫ > 0.
Then, for every choice of constants δ1, δ2, δ3, and δ4 with ǫ ≫ δ4 ≫ δ3 ≫ δ2 ≫ δ1 > 0
(i.e. one must choose δ4 sufficiently small relative to ǫ, δ3 sufficiently small relative to
δ4, and so on), there exists a neighborhood Ω of Y in X such that, for every η > 0, for
every set E ⊂ R with |s − t| ≥ 4η for all s, t ∈ E with s 6= t, for every set F ⊂ R with
[0,∞) ⊂ NR(F ; η), for every connected covering space Υ: X̂ → X, for every union Z of
irreducible components of Ŷ = Υ−1(Y ) which has only compact connected components and
which contains Ĉ = Υ−1(C) as well as every q-dimensional compact irreducible component
of Ŷ (i.e. Z contains every compact irreducible component of Ŷ not contained in Ŝ =
Υ−1(S)), and for every positive continuous function θ on X̂, there exists a positive C∞
exhaustion function ϕ on X̂ with the following properties relative to the Hermitian metric
gˆ = Υ∗g, the sets Ω̂ = Υ−1(Ω) and D̂ν = Υ
−1(Dν) for ν = 1, . . . , m, and the functions
ρˆν = ρν ◦Υ: D̂ν → R for ν = 1, . . . , m:
(i) On N(Z; δ1) ∩ Ω̂, ϕ is locally constant with
G = ϕ
(
N(Z; δ1) ∩ Ω̂
)
= ϕ(Z) ⊂ F \NR(E; η);
(ii) On N(Ŝ; δ3) ∩ Ω̂, ϕ is of class W∞(gˆ, q);
(iii) On the set
{
p ∈ N(Ŝ; δ3) ∩ Ω̂ | ϕ(p) /∈ G
}
, ϕ is of class SP∞(gˆ, q);
(iv) For each ν = 1, . . . , m, the function ϕ− ρˆν is of class SP∞(gˆ, q) on a neighborhood
of N(Ŝ; δ3) ∩ D̂ν ∩ Ω̂ \N(Z; δ2);
(v) For each ν = 1, . . . , m, the function ϕ− ρˆν is C∞ strongly q-convex on a neighbor-
hood of D̂ν ∩ Ω̂ \
[
N(Ŝ; δ2) ∪N(Z; δ1)
]
;
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(vi) On Ω̂ \
[
N(Ŝ; δ4) ∪N(Z; δ1)
]
, ϕ > θ;
(vii) On
{
p ∈ Ω̂ | ϕ(p) /∈ G
}
, ϕ is C∞ strongly q-convex; and
(viii) On Ω̂, ϕ is of class W∞(q).
Proof. We may assume without loss of generality that N(Y ; ǫ) ⋐ D1 ∪ · · · ∪Dm. Applying
Proposition 6.1, we may also assume that, for some constant R0 > 1, for every η > 0, for
every set E ⊂ R with |s − t| ≥ 4η for all s, t ∈ E with s 6= t, for every set F ⊂ R with
[0,∞) ⊂ NR(F ; η), for every connected covering space Υ: X̂ → X , and for every analytic
set Z which is equal to a union of irreducible components of Ŷ = Υ−1(Y ) and which has
only compact connected components, there exists a C∞ positive exhaustion function τ
on X̂ with the following properties:
(7.1.1) The function τ +R0 · (1 + η) · ρν ◦ Υ is C∞ strictly plurisubharmonic on Υ−1(Dν)
for ν = 1, . . . , m; and
(7.1.2) For gˆ = Υ∗g, τ is locally constant on Ngˆ(Z; ǫ) and τ (Ngˆ(Z; ǫ)) ⊂ F \NR(E; η).
Note that, in the above, τ(N(Z; ǫ)) = τ(Z) since τ is constant on the connected neighbor-
hood N(Z ′; ǫ) of each connected component Z ′ of Z and N(Z; ǫ) is equal to the union of
all such neighborhoods.
According to Proposition 5.2, if we choose constants δ1, δ2, δ3, and δ4 with ǫ ≫ δ4 ≫
δ3 ≫ δ2 ≫ δ1 > 0, then there exists a relatively compact neighborhood Ω of Y in N(Y ; δ1)
such that, for every connected covering space Υ: X̂ → X , for every analytic set Z which is
equal to a union of irreducible components of Ŷ ≡ Υ−1(Y ) and which contains Ĉ = Υ−1(C)
as well as every q-dimensional compact irreducible component of Ŷ , and for every positive
continuous function θ on X̂ , there exists a nonnegative C∞ function α on X̂ with the
following properties relative to the Hermitian metric gˆ = Υ∗g, the sets Ω̂ = Υ−1(Ω),
Ŝ = Υ−1(S), and D̂ν = Υ(Dν) for ν = 1, . . . , m, and the functions ρˆν = ρν ◦ Υ: D̂ν → R
for ν = 1, . . . , m:
(7.1.3) On N(Z; δ1) ∩ Ω̂, α ≡ 0;
(7.1.4) On
(
Ω̂ \N(Z; δ2)
)
∪
(
Ω̂ \
[
N(Ŝ; δ2) ∪N(Z; δ1)
])
, α > 0;
(7.1.5) On N(Ŝ; δ3) ∩ Ω̂, α is of class W∞(gˆ, q);
(7.1.6) On the set
{
p ∈ N(Ŝ; δ3) ∩ Ω̂ | α(p) > 0
}
, α is of class SP∞(gˆ, q);
(7.1.7) For each ν = 1, . . . , m, the function α− ρˆν is of class SP∞(gˆ, q) on a neighborhood
of N(Ŝ; δ3) ∩ D̂ν ∩ Ω̂ \N(Z; δ2);
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(7.1.8) For each ν = 1, . . . , m, the function α− ρˆν is C∞ strongly q-convex on a neighbor-
hood of D̂ν ∩ Ω̂ \
[
N(Ŝ; δ2) ∪N(Z; δ1)
]
;
(7.1.9) On Ω̂ \
[
N(Ŝ; δ4) ∪N(Z; δ1)
]
, α > θ; and
(7.1.10) On
{
p ∈ Ω̂ | α(p) > 0
}
, α is C∞ strongly q-convex.
Suppose now that η > 0, E ⊂ R with |s− t| ≥ 4η for all s, t ∈ E with s 6= t, F ⊂ R with
[0,∞) ⊂ NR(F ; η), Υ: X̂ → X is a connected covering space, Z is a union of irreducible
components of Ŷ = Υ−1(Y ) which has only compact connected components and which
contains Ĉ = Υ−1(C) as well as every q-dimensional compact irreducible component of Ŷ ,
and θ is a positive continuous function on X̂ . Setting gˆ = Υ∗g, Ω̂ = Υ−1(Ω), Ŝ = Υ−1(S),
and D̂ν = Υ
−1(Dν) and ρˆν = ρν ◦ Υ: D̂ν → R for ν = 1, . . . , m, we get on X̂ a positive
C∞ exhaustion function τ and a nonnegative C∞ function α satisfying (7.1.1)–(7.1.10). It
is then easy to check that the positive C∞ exhaustion function
ϕ ≡ τ +R0 · (2 + η) · α
has the required properties (i)–(viii). 
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